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Reasoning About Nonlinear Function
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Q: Verify the property:  ?y ≥ 0
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Q: Verify the property:  ?y ≥ 0 • Enumerate all execution traces:

x = − 1 → y = 1

x = 1 → y = 1

x = 0 → y = 0✔

✔

✔

…… Infinity!

Reasoning About Nonlinear Function
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Q: Verify the property:  ?y ≥ 0 • Enumerate all execution traces:

x = − 1 → y = 1

x = 1 → y = 1

x = 0 → y = 0✔

✔

✔

…… Infinity!

• Abstract the concrete input :x
x ∈ [0, + ∞) → y ∈ [0, + ∞)

x ∈ (−∞,0] → y ∈ [0,0]

✔

✔

Case1:

Case2:

Reasoning About Nonlinear Function
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Reasoning About Nonlinear Function



6 Sound Abstract Transformers 

Fully-
connected

Sound Abstract Interpreter 

Example: Neural Network Verification

Nonlinear 
Activation
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Constructing Sound Abstract Interpreter

Specification Implementation

• For each abstract transformer:

Verification
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Manually Deriving Single Abstract Transformer
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Automating Abstract Interpretation

Specification

• Symbolic Synthesis

• Optimization Methods

[1] Reps et al. (VMCAI’16): Automating Abstract Interpretation

[2] Kalita et al. (OOPSLA'22): Synthesizing Abstract Transformers.

[3] Paulsen et al. (TACAS’22): LinSyn: Synthesizing Tight Linear Bounds for Arbitrary Neural Network Activation Functions


[1,2,3]
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Specification Verification Implementation

Neuton (Arxiv’25)

Constraintflow DSL

Pytorch

• Symbolic Synthesis

• Optimization Methods

ProveSound (OOPSLA’25)

Automating Abstract Interpretation

[1] Reps et al. (VMCAI’16): Automating Abstract Interpretation

[2] Kalita et al. (OOPSLA'22): Synthesizing Abstract Transformers.

[3] Paulsen et al. (TACAS’22): LinSyn: Synthesizing Tight Linear Bounds for Arbitrary Neural Network Activation Functions


[1,2,3]

Constraintflow (SAS’24)         

Constraintflow DSL         

Automatic Verifier with SMT 
Solving
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Automating Abstract Interpretation

  Main Problems: 
•    Isolated Module

•    Synthesis: Limited generality, Imprecision

Verification Implementation

Neuton (Arxiv’25)ProveSound (OOPSLA’25)

⚠

⚠

• Symbolic Synthesis

• Optimization Methods

Specification

Constraintflow DSL

Pytorch

Constraintflow DSL         

Automatic Verifier with SMT 
Solving

Constraintflow (SAS’24)         
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The Problem

Can we have an end-to-end automatic pipeline?
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SAIL: Sound Abstract Interpreters With LLMs

Can we have an end-to-end automatic pipeline?

⛵SAIL is all you need!
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SAIL: End-to-End Automation

⛵SAIL 

Natural Language



15

SAIL: End-to-End Automation

DSL PyTorch

⛵SAIL 

Natural Language



Zonotope
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 …

• Linear


• Piecewise-linear


• Nonlinear


 …

Multiple domains Multiple transformersx

DeepPoly

Polyhedral

Box

Star

SAIL: One-Size-Fit-All Framework
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LLMs: Why Naïve Prompt Engineering Fails
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• Soundness must hold for all 
abstract elements, which 
form an infinite space.


• Each abstract element may 
abstract an infinite number of 
concrete points. 

LLMs: Why Naïve Prompt Engineering Fails

1. Soundness Guarantee

We require strict soundness guarantee.
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A Novel Principled Cost Function

Problem: How to guide LLMs in an infinite search space?

A function to measure the unsoundness

💡Idea #1:
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A Novel Principled Cost Function

Search blindly
Measure how far an 
unsound transformer 
deviates from being 

sound
Cost Function
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LLMs: Why Naïve Prompt Engineering Fails

2. Validity Guarantee

We need more than mathematical expressions.
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Constrained Optimization Problem

💡Idea #2:
 s.t.,   satisfies all syntactic and semantic validity 

constraints.
F♯* = arg min

F♯
L(F♯) F♯
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Constrained Optimization Problem
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Constrained Optimization Problem

Transformer2 in DSL

Transformer3 in DSL

Transformer1 in DSL
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Constrained Optimization Problem

Transformer2 in DSL

Transformer3 in DSL

Transformer1 in DSL
🔎 Checker

Repairer
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Constrained Optimization Problem

Transformer2 in DSL

Transformer3 in DSL

Transformer1 in DSL
🔎 Checker

Repairer

❌

ProveSound

Hard Constraints
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Constrained Optimization Problem

📝 Cost Function

Transformer2 in DSL

Transformer3 in DSL

Transformer1 in DSL
🔎 Checker

Repairer

❌

ProveSound

Hard Constraints
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Constrained Optimization Problem

📝 Cost Function

Soft Constraints

Transformer2 in DSL

Transformer3 in DSL

Transformer1 in DSL
🔎 Checker

Repairer

❌

ProveSound

Hard Constraints

1. Smallest cost this 
round
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Constrained Optimization Problem

📝 Cost Function

Soft Constraints

Transformer2 in DSL

Transformer3 in DSL

Transformer1 in DSL
🔎 Checker

Repairer

❌

ProveSound

Hard Constraints

1. Smallest cost this 
round

2. Smaller than the 
cost last round

Transformer3 in DSL
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Constrained Optimization Problem

📝 Cost Function

Soft Constraints

Transformer2 in DSL

Transformer3 in DSL

Transformer1 in DSL
🔎 Checker

Repairer

❌

ProveSound

Hard Constraints

1. Smallest cost this 
round

2. Smaller than the 
cost last round

Transformer3 in DSL
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Constrained Optimization Problem

📝 Cost Function

Soft 

Transformer2 in DSL

Transformer3 in DSL

Transformer1 in DSL
🔎 

Repairer

❌

ProveSound

Hard 

1.    


2.    
  

Transformer3 in DSL



How to Design the Cost Function?
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Example: , Box domainReLU(x) = max(0, x)



How to Design the Cost Function?
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Example:

Sound Transformer: ; 


; 

…

ReLU♯([l, u]) = [−∞, ∞]
ReLU♯([l, u]) = [0, max(0, u)]

, Box domainReLU(x) = max(0, x)



How to Design the Cost Function?
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      ReLU♯([l, u]) = [0,1]

Example:

Sound Transformer: ; 


; 

…

ReLU♯([l, u]) = [−∞, ∞]
ReLU♯([l, u]) = [0, max(0, u)]

Unsound Transformer:

, Box domainReLU(x) = max(0, x)
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•  ✅

•       ✅

[l, u] = [0, 0.5]
[l, u] = [0,1]

•       ReLU♯([l, u]) = [0,1]

Learning from Examples



36

•  ✅

•       ✅

•       ❌

[l, u] = [0, 0.5]
[l, u] = [0,1]
[l, u] = [0,2]

When  …x = 2 ∈ γ([0,2]), ReLU(x) = 2 ∉ [0,1]

ReLU(x = 2) = 2

•       ReLU♯([l, u]) = [0,1]

Learning from Examples
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•  ✅

•       ✅

•       ❌

•       ❌

[l, u] = [0, 0.5]
[l, u] = [0,1]
[l, u] = [0,2]
[l, u] = [0,3]

When  …x = 2,3 ∈ γ([0,3]), ReLU(x) = 2,3 ∉ [0,1]

ReLU(x = 2) = 2

•       ReLU♯([l, u]) = [0,1]

Learning from Examples



38

•  ✅

•       ✅

•       ❌

•       ❌

•       ❌

• …

[l, u] = [0, 0.5]
[l, u] = [0,1]
[l, u] = [0,2]
[l, u] = [0,3]
[l, u] = [0,4]

•       ReLU♯([l, u]) = [0,1]

Learning from Examples
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•  ✅

•       ✅

•       ❌

•       ❌

•       ❌

• …

[l, u] = [0, 0.5]
[l, u] = [0,1]
[l, u] = [0,2]
[l, u] = [0,3]
[l, u] = [0,4]

Counterexamples  

•       ReLU♯([l, u]) = [0,1]

Learning from Examples

Violating abstract element , 
s.t., 

z
z ∈ A, F(γ(z)) ⊑C γ(F♯(z))
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First Step: Aggregate Over Counterexamples

Counterexample Set A* = {c1, c2, c3, . . . }

•  = 

•  =      

•  =     

• …

[l, u] = [0,2] c1
[l, u] = [0,3] c2
[l, u] = [0,4] c3
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First Step: Aggregate Over Counterexamples

Counterexample Set A* = {c1, c2, c3, . . . }

•  = 

•  =      

•  =     

• …

[l, u] = [0,2] c1
[l, u] = [0,3] c2
[l, u] = [0,4] c3

xMeasure Unsoundness                 Measure unsoundness degree (A*)
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First Step: Aggregate Over Counterexamples

Counterexample Set A* = {c1, c2, c3, . . . }

•  = 

•  =      

•  =     

• …

[l, u] = [0,2] c1
[l, u] = [0,3] c2
[l, u] = [0,4] c3

unsoundness degree  = aggregate (contribution )(A*) (ci)
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How to Measure Counterexample?

contribution  ?(ci)🔎
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How to Measure Counterexample?

contribution  = 1 ?(ci)🔎
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How to Measure Counterexample?

•  can be infinite.A*

contribution  = 1 ?(ci)🔎
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How to Measure Counterexample?

•  can be infinite.A* • Fails to capture the different 
contributions of different 
counterexamples to unsoundness.

contribution  = 1 ?(ci)🔎
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Different Contributions of Different Counterexamples

x ∈ γ([0,2]), ReLU(x) ∉ [0,1] x ∈ γ([0,3]), ReLU(x) ∉ [0,1]find findv.s.
c1 c2
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Different Contributions of Different Counterexamples

Each violating abstract element contributes different degrees of 
unsoundness.

x ∈ γ([0,2]), ReLU(x) ∉ [0,1] x ∈ γ([0,3]), ReLU(x) ∉ [0,1]find findv.s.
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Different Contributions of Different Counterexamples

contribution  = aggregate ( contribution (violating concrete points) )(ci)

x ∈ γ([0,2]), ReLU(x) ∉ [0,1] x ∈ γ([0,3]), ReLU(x) ∉ [0,1]find findv.s.
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Third Step: Shape-aware Deviation

x = 1.5

• counterexample 


• violated concrete point 


c1 = [0,2]

x = 1.5

•       ReLU♯([l, u]) = [0,1]

🔎 contribution ?(x)
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Third Step: Shape-aware Deviation

x = 1.5

• counterexample 


• violated concrete point 


•

c1 = [0,2]

x = 1.5

ReLU(x) = 1.5 ∉ [0,1]

•       ReLU♯([l, u]) = [0,1]
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Third Step: Shape-aware Deviation

x = 1.5

•       ReLU♯([l, u]) = [0,1] Two constraints: ReLU(x) ≥ 0 ∧ ReLU(x) ≤ 1

• counterexample 


• violated concrete point 


•

c1 = [0,2]

x = 1.5

ReLU(x) = 1.5 ∉ [0,1]
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Third Step: Shape-aware Deviation

x = 1.5

•       ReLU♯([l, u]) = [0,1]

• counterexample 


• violated concrete point 


•

c1 = [0,2]

x = 1.5

ReLU(x) = 1.5 ∉ [0,1]

Two constraints: ReLU(x) ≥ 0 ∧ ReLU(x) ≤ 1
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Third Step: Shape-aware Deviation

• Outputed abstract element from the abstract transformer 
corresponds to several constraints 

• Contribution (x) = Measure how much the output of concrete point 
violate the constraints   

•       ReLU♯([l, u]) = [0,1] Two constraints: ReLU(x) ≥ 0 ∧ ReLU(x) ≤ 1



Shape-aware Deviation
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ScalarBound AffineBound

ConstraintConstraint



Shape-aware Deviation
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ε(m, y ≤ a0 + ∑ aixi) := max(0, m − (a0 + ∑ aixi))

ε(m, y ≥ a0 + ∑ aixi) := max(0, (a0 + ∑ aixi) − m)

ε(m, y ≤ c) := max(0, m − c)

ε(m, y ≥ c) := max(0, c − m)

ScalarBound AffineBound

Constraint

Define the measurement by distance.



Shape-aware Deviation

57

ε(m, y ≤ a0 + ∑ aixi) := max(0, m − (a0 + ∑ aixi))

ε(m, y ≥ a0 + ∑ aixi) := max(0, (a0 + ∑ aixi) − m)

• violation (  ) = 1.5 max(0 − 1.5, 0) + max(1.5 − 1, 0)
Violated 
Concrete 

Point

Output Output

Constraint Constraint

ε(m, y ≤ c) := max(0, m − c)

ε(m, y ≥ c) := max(0, c − m)

ScalarBound AffineBound

Constraint



Hierarchical Cost Function

58

ΔS(F♯) =z ⨁
z∈A*

x ⨁
x∈γ(z)

j
k

⨁
j=1

ε(f(x), Cj) Over Abstract Elements

Over Concrete States

Over Constraints

A principled, quantitative, continuous measure.

*In practice we do weighted sampling for infinite set  and .A* γ(z)
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Pipeline of SAIL
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Pipeline of SAIL
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Pipeline of SAIL



Pipeline of SAIL
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Implicit Effects on Precision
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Implicit Effects on Precision
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• Few-shot examples with case 
distinctions 


• DSL constructions for common 
patterns (e.g., tangent line, 
secant line)

1. Prompting Design



Implicit Effects on Precision
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2. Implicit enforcement by cost function

• Weight function penalize violations near transition points more


             Correct case distinctions




Implicit Effects on Precision
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2. Implicit enforcement by cost function

• Cost function penalize affine bounds with misaligned slopes or intercepts



Evaluation
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Efficiency Generality Scalability



Evaluation
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• Each synthesis finished 
within ~2h


• Cost function 
dramatically improves 
synthesis success


• Consistently achieves 
high precision 

Efficiency Generality Scalability
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Guidance of Cost Function

GPT-4o Llama4-Maverick Claude-Opus-4

• Different LLMs synthesize HardSigmoid abstract transformer in DeepPoly.



Synthesized HardSigmoid Transformer

70
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PyTorch Code of HardSigmoid



Evaluation: Precision
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Evaluation

73

• Each synthesis finished 
within ~2h


• Cost function 
dramatically improves 
synthesis success


• Consistently achieves 
high precision 

• Diverse abstract 
transformers for diverse 
domains


• Transformers for first-
order derivatives

GeLU, Sigmoid, HardSigmoid, 
HardTanh … 

DeepPoly, DeepZ, Box …

Efficiency Generality Scalability



GeLU and ELU - DeepPoly
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(b) 0 < l < u (c) 0 < l < u(a) l < u < 0



Evaluation
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• Each synthesis finished 
within ~2h


• Cost function 
dramatically improves 
synthesis success


• Consistently achieves 
high precision 

• Diverse abstract 
transformers for diverse 
domains


• Transformers for first-
order derivatives

GeLU, Sigmoid, HardSigmoid, 
HardTanh … 

DeepPoly, DeepZ, Box …

• 650 MB peak memory 
usage


• Synthesize once, reuse 
forever

Efficiency Generality Scalability
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Thanks!

More details:
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We hope our work can inspire efficient abstract interpretation 
and make it more accessible to everyone!


