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How to construct globally sound abstract interpreters to safely approximate program behaviors remains a
bottleneck in abstract interpretation. In this paper, we show the potential of using state-of-the-art LLMs to
automate this tedious process. Focusing on the neural network verification area, we synthesize non-trivial
sound abstract transformers across diverse abstract domains using LLMs to search within infinite space from
scratch. We formalize the synthesis task as a constrained optimization problem, for which we design a novel
mathematically grounded cost function that measures the degree of unsoundness of each generated candidate
transformer, while enforcing hard syntactic and semantic validity constraints. Building on this formulation, we
introduce Sail, a novel unified framework that combines model generation, syntactic and semantic validation,
and cost-function-based refinement to synthesize globally sound abstract transformers. Evaluation results show
that Sail not only matches the performance of manually designed transformers, but also is able to synthesize
sound and high-precision transformers that do not exist in the literature for complex non-linear operators.
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1 Introduction
Abstract Interpretation (AI) [13, 14, 67] is a popular framework for constructing automated program
analyzers in different domains such as software [7, 15], machine learning [47, 62], and embedded
systems [8, 33, 46]. These analyzers reason about an infinite number of program executions, producing
invariants that can be used to prove properties such as safety, robustness, and stability. A key challenge
in developing practical analyzers is obtaining sound abstract transformers, which overapproximate
the effect of concrete program operations (e.g., assignments, conditionals). This is a tedious task and
requires significant expert effort and heuristics. Indeed, considerable work exists on automatically
synthesizing abstract interpreters [53], including symbolic synthesis techniques that derive constraints
through formal reasoning [34, 35], deep-learning-based methods that infer transformer parameters
from data and patterns [50], etc. Despite these advances, the synthesis process remains largely manual,
domain-specific, computationally expensive, and often limited to obtaining sound transformers for
individual operators. To the best of our knowledge, there exists no highly automated and efficient
synthesis pipeline capable of generating abstract transformers that are both provably sound for all
input abstract elements and generalizable across diverse operators and abstract domains.
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Recent advances in state-of-the-art large language models (LLMs) have transformed the way
algorithms, code, and even scientific knowledge are generated [11, 17, 26, 29, 38, 39, 41, 55, 68, 70, 76].
Systems such as AlphaEvolve [49] and FunSearch [54] have demonstrated that LLMs can not only
assist in coding but also evolve novel and high-performing algorithms through continuous evaluation
and feedback. Motivated by these works, we investigate whether LLMs can synthesize provably
sound abstract interpreters. Specifically, we focus on generating code describing the computations
of sound abstract transformers operating over abstract elements. Leveraging LLMs to synthesize
such abstract interpreters can increase the degree of automation and make the technology accessible
to non-experts. However, this synthesis problem is more challenging for LLMs compared to those
considered in the literature [4, 28, 31, 48], posing several non-trivial challenges.

Challenge 1: How can we ensure the validity and global soundness of synthesized transformers?
Due to the hallucination of large language models [74], the generated code often contains syntactic or
structural errors that make it invalid for soundness verification. Even if an LLM can occasionally
produce syntactically correct code, ensuring global semantic soundness remains nontrivial. Our
framework incorporates two checking modules: (1) a lightweight static validation frontend inspired
by compiler design techniques to catch structural and typing errors, combined with a model repair
agent to automatically suggest fixes; (2) a formal verification tool based on SMT solvers that certifies
the transformer’s soundness under all abstract elements. Together, these two components guarantee
that only globally sound transformers are accepted.

Challenge 2: How can an LLM effectively search within an infinite space? Synthesizing a sound
abstract transformer is fundamentally difficult because soundness must hold for all abstract elements,
which form an infinite search space, and each abstract element may abstract an infinite number
of concrete points. To overcome this, we formalize the synthesis process as a constrained optimization
problem, for which we design a novel mathematically grounded cost function that measures the
degree of unsoundness of each generated candidate transformer, while enforcing hard syntactic and
semantic validity constraints as optimization constraints. This continuous formulation transforms
synthesis from a binary pass/fail judgment into a guided optimization process, which iteratively
refines valid but unsound candidates based on counterexamples and quantitative feedback.

Challenge 3: How can we guarantee the convergence of the synthesis? Synthesizing abstract
interpreters within an infinite search space naturally raises the question of the theoretical feasibility
of whether the search process can be guaranteed to converge to a sound transformer in finitely many
steps. To address this, we formally define a novel refinement rule governing each synthesis step, and
prove that under several easy-to-satisfy requirements, the iterative optimization process monotonically
decreases the cost function and terminates within finite steps, ensuring theoretical convergence to a
globally sound transformer.

To ground our study, we focus on the verification of deep neural networks (DNNs), a domain
where abstract interpretation has emerged as a successful approach for proving model robustness and
safety [59, 63]. DNN verification works with bounded polyhedral abstractions, making it a relatively
easier problem to handle for LLMs as a case study for automated synthesis than analyzing programs,
which often involves unbounded polyhedra.

This Work. We present Sail, the first general framework for synthesizing globally sound abstract
interpreters with state-of-the-art LLMs. At its core, Sail formalizes transformer synthesis as an
iterative optimization problem guided by a soundness-driven cost function. Sail can be combined
with any verifier for the global soundness of abstract interpreters. In this paper, we instantiate Sail
using ConstraintFlow [56], a framework which provides a simple and declarative DSL that encodes
transformer logic as symbolic equations, a unified interface ProveSound [57] based on SMT solvers
(Z3) for global soundness verification of abstract interpreters for DNNs, and a compiler backend [58]
to transform the DSL-based transformers into executable programs. Beyond ConstraintFlow, Sail
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can also be instantiated using soundness verifiers implemented in more expressive proof assistants
such as LEAN [5, 22] or Rocq [30, 32]. Given an operator and an abstract domain provided by
the user as inputs, Sail repeatedly prompts an LLM to propose candidate transformers, checks the
validation, fixes errors automatically with a separate model agent, verifies valid candidates against
the soundness constraints, and computes a cost L that measures how far the candidate deviates from
satisfying the soundness conditions. The feedback L serves as a continuous cost signal, along with
the counterexamples, guiding subsequent synthesis rounds until a sound transformer is found. For
efficiency, a trivially sound transformer will be returned if Sail does not converge within a fixed
number of attempts. We manually provide specific fallbacks for certain monotonic functions, and use
the ⊤ element of the abstract domain as the general fallback.

Illustrative Example. To provide an intuition for the design of the core cost function in Sail,
consider synthesizing a globally sound abstract transformer for the ReLU activation in the Interval
domain. For clarity, we omit DSL-specific syntax and focus on the semantic behavior of the
transformer. ReLU activation is defined as 𝑓 (𝑥) =𝑚𝑎𝑥 (0, 𝑥) concretely. Our goal is to synthesize a
globally sound abstract transformer 𝐹 ♯, where soundness requires that for all abstract inputs [𝑙, 𝑢],
the output of 𝐹 ♯ safely over-approximates max(0, 𝑥) for all 𝑥 ∈ [𝑙, 𝑢]. Example sound abstract
transformers include 𝐹 ♯ ( [𝑙, 𝑢]) = [−∞,∞], 𝐹 ♯ ( [𝑙, 𝑢]) = [0,𝑚𝑎𝑥 (0, 𝑢)], or 𝐹 ♯ ( [𝑙, 𝑢]) = [0, 0] if𝑢 ≤ 0,
[𝑙, 𝑢] if 𝑙 ≥ 0, and [0, 𝑢] otherwise, etc., all of which are globally sound but differ in precision. We
employ few-shot prompting to bias the model away from trivial yet uninformative transformers (e.g.,
𝐹 ♯ ( [𝑙, 𝑢]) = [−∞,∞]), but the challenge remains to guide the model within an infinite search space.
There have been various works that explored feedback-driven synthesis [34]. However, such feedback
is typically symbolic and binary (i.e., fail/pass), making it insufficient to guide the synthesis procedure
towards convergence. In contrast, we address this by introducing a fine-grained cost function that
can quantitatively measure the degree of unsoundness of a candidate transformer by progressively
analyzing abstract elements that violate the soundness condition down to their concrete states. For
example, the candidate 𝐹 ♯ ( [𝑙, 𝑢]) = [0, 1] is locally sound when 𝑙 ≤ 𝑢 ≤ 1, but fails to approximate
the output when the input interval lies partially or entirely outside [−∞, 1]. In particular, consider one
violating abstract input [𝑙, 𝑢] = [1, 3]. Examining its concretization, we observe that concrete states
such as 𝑥 = 2 and 𝑥 = 3 lead to outputs 𝑓 (𝑥) > 1, violating the constraint set by the upper bound.
Numerically measuring the distance between the concrete outputs and the constraint provides a way
to evaluate each candidate and quantify how far it deviates from satisfying the global soundness
condition. We then take the worst-case deviation over all violating abstract elements as the cost. In
practice, exhaustively enumerating all violating abstract elements and their corresponding concrete
states is infeasible, as this space can be infinite. We instead adopt a sampling-based relaxation strategy
coupled with a weight function to approximate the cost, ensuring instantiation feasibility. At each
iteration, the model generates a batch of candidate transformers. If any candidate passes the soundness
verifier, the process terminates with a sound transformer. Otherwise, the transformer candidate with
the lowest cost, along with the corresponding counterexample, is then fed into the next iteration,
guiding the model to correct previous errors.

Main Contributions. Our work makes the following contributions:
(1) An LLM-based synthesis framework. We design Sail, the first iterative synthesis system that

couples LLM generation with symbolic verification to automate the synthesis of globally sound
abstract transformers.

(2) Soundness-driven cost function. We introduce a novel soundness deviation metric, quantifying
the degree of unsoundness and driving continuous refinement. It either converges to a sound
transformer or falls back to a trivially sound one after reaching the maximum number of attempts.
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(3) Implementation and evaluation. We implement Sail on top of ConstraintFlow and demonstrate
its ability to synthesize sound transformers across diverse operators and abstract domains. Our
evaluation shows that Sail attains performance on par with handcrafted transformers for common
non-linear operators, while further demonstrating the capability to efficiently synthesize novel
and complex transformers with consistently high precision.

Beyond neural network certification, we further show that the principles underlying Sail can be
extended to other research areas that require the automated construction of provably sound algorithms.

2 Background
2.1 Abstract Interpretation
Abstract interpretation [13] provides a mathematical foundation for sound reasoning about program
behaviors by approximating all possible executions within a unified framework. It formalizes the
principle of computing with abstractions rather than enumerating individual executions. A verifier
based on abstract interpretation [21] reasons over two domains: the concrete domain (C, ⊑𝐶 ), which
represents the exact semantics of the system, and the abstract domain (A, ⊑𝐴), which encodes
symbolic over-approximations of C. The two are connected by an abstraction function 𝛼 : C → A
and a concretization function 𝛾 : A → C. Soundness requires that for all 𝑐 ∈ C, 𝑐 ⊑𝐶 𝛾 (𝛼 (𝑐)),
meaning that every concrete behavior is preserved within its abstraction. Within this framework, a
program statement or neural-network operator can be modeled as a concrete transformer 𝐹 : C → C
and a corresponding abstract transformer 𝐹 # : A → A. The abstract transformer 𝐹 # is sound if
and only if 𝐹 (𝛾 (𝑧)) ⊑𝐶 𝛾 (𝐹 # (𝑧)) for all 𝑧 ∈ A. Successive application of 𝐹 # over the structure of a
program or network yields an over-approximation of all reachable states, which guarantees that any
verified property holds for every concrete execution. Since abstract domains admit many incomparable
abstractions, there is in general no single “best” sound transformer. Different transformers trade
off precision and computational structure in domain-dependent ways. Therefore a key challenge in
abstract interpretation is balancing precision and efficiency [19, 45]. A more complicated abstract
domain, such as Polyhedra [64], often improves precision but is computationally expensive, while
simpler domains such as Intervals [25] scale better but yield looser bounds. For neural networks,
specialized domains such as DeepPoly [61], DeepZ [60], and CROWN [77] combine linear relaxations
with neuron-wise constraints to achieve sound yet tractable over-approximations.

Notation. To avoid ambiguity and ensure notational clarity throughout the rest of this paper, we
fix the following convention: bold symbols (e.g., L,U) denote vectors. We use 𝑐 ∈ C to denote a
concrete element, 𝑧 ∈ A to denote an abstract element. We use x ∈ R𝑛 to denote a concrete state, i.e.,
a complete assignment to all input variables of the program, whereas 𝑥𝑖 ∈ R refers specifically to the
value of the 𝑖-th variable within that state, 𝑖 ∈ [𝑛]. This distinction will be maintained consistently in
all subsequent formal definitions and derivations.

2.2 DNN Certifier
A deep neural network (DNN) can be represented as a composition of affine and non-linear layers
such as ReLU, Tanh, or MaxPool. Formally, a trained DNN defines a function 𝑓 : R𝑚 → R𝑛. A
verification property is described by a precondition 𝜑 , which denotes the admissible input region, and
a postcondition𝜓 , which expresses the desired safety constraint on outputs. The goal of verification
is to prove that 𝑓 (𝜑) ⊆ 𝜓 , meaning that no input x ∈ 𝜑 produces an unsafe output 𝑓 (x) ∉ 𝜓 .

Abstract-interpretation-based verifiers [21, 63] compute a sound over-approximation of 𝑓 (𝜑).
Starting from an abstract element 𝛼 (𝜑), the verifier propagates it through the network using layer-
wise abstract transformers and obtains an abstract output 𝑔(𝛼 (𝜑)) such that 𝛾 (𝑔(𝛼 (𝜑))) ⊇ 𝑓 (𝜑). If
𝛾 (𝑔(𝛼 (𝜑))) ⊆ 𝜓 , the property holds. Otherwise, the verifier may produce counterexamples or apply
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Fig. 1. The overview of Sail. Given a prompt 𝑝 , which specifies an operator, the domain specific language

and abstract domain, and previous generation history, which includes the unsound transformer 𝐹 ♯𝑡−1 and the

counterexample 𝑐 , the LLM 𝐿1 proposes a set of candidates {𝐹 ♯𝑖 , 𝑖 ∈ [1,𝑚]}, which will be validated by syntax
and semantics checkers. Failing candidates trigger an automatic repair process based on another model
agent 𝐿2 until they pass the checkers. Valid candidates are verified by a soundness verifier and scored by a

soundness-driven cost L(𝐹 ♯). If their score is less than that of 𝐹 ♯𝑡 , then they will replace 𝐹 ♯𝑡 as the current
"best" unsound transformer in the prompt. This feedback loop transforms synthesis into an optimization
process, refining candidates until L(𝐹 ♯) = 0.

refinement strategies to reduce over-approximation. This layer-wise reasoning forms the basis of
systems such as DeepPoly, CROWN, and ConstraintFlow. A DNN certifier integrates these verifiers
into an end-to-end pipeline that formally proves safety, robustness, or other properties of networks.
Certified training frameworks further embed verification into the learning process by shaping the loss
function using verifier feedback, guiding the model toward provable robustness.

3 Overview
Fig. 1 presents the high-level idea of the constrained optimization process behind Sail. Given an
operator specification and an abstract domain specification in text as inputs, Sail augments the prompt
with DSL grammar and few-shot examples to construct the initial prompt 𝑝. Then Sail searches
for sound abstract transformers through an iterative process that combines generation, validation,
and verification under the guidance of a soundness-oriented cost function L(𝐹 ♯). While the current
workflow assumes a predefined DSL, it remains fully extensible to other programming languages, as
long as a corresponding validation module and a compatible soundness verifier are supplied.

A major difficulty in program synthesis with LLMs is that unconstrained LLM generation often
produces code that is either syntactically invalid or semantically inconsistent. To mitigate this and
improve the validity rate, Sail generates multiple candidates in each pass. Each candidate is analyzed
by a validator that parses it into an abstract syntax tree (AST) and verifies it against hard syntactic
and semantic constraints. We provide general semantics for multiple syntax and semantic checks that
can be applied in various programming languages in Appendix C. When errors appear, a dedicated
repair model is invoked, which receives diagnostic messages and violating code region as feedback,
and incrementally proposes corrections until the AST can be parsed and interpreted successfully, or
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until the maximum number of trials has been reached. The candidate will be discarded in the latter
case. This automated repair loop is more efficient than the discard-and-retry strategy common in
prior synthesis systems [3, 20, 65], enabling Sail to stabilize generation and preserve useful partial
results, as shown in the ablation study in §5.4.

We verify all candidates that pass validation for soundness using a symbolic certifier. Instead of
treating verification as a binary pass or fail decision, Sail evaluates each transformer using a novel
cost function that quantifies its degree of soundness. The design of the cost function ensures that the
cost of any sound transformer is 0. If that happens, then the transformer will be returned as the final
result. If none of the candidates are sound, then the candidate with the lowest score is retained as the
current "best" unsound transformer, and its associated counterexamples and score are incorporated
into the next round of generation, functioning as a new and non-stochastic starting point in the search
space and helping the model better understand the synthesis task. This feedback loop transforms
synthesis into a continuous optimization process, iteratively refining candidates until a sound one is
found. A trivially sound transformer will be returned as a fallback if no sound abstract transformer is
found within the maximum number of attempts, ensuring a sound outcome of the overall procedure.
We provide fallbacks based on endpoint-based bounds for certain monotonic functions, such as ReLU
and HardSigmoid, and use the ⊤ element of the abstract domain as a general fallback. Details can
be found in Appendix G. Empirically, we observe that Sail is able to successfully synthesize all
transformers without without using the fallback.

In summary, Sail enables a unified synthesis process that scales across diverse operators and abstract
domains. The generated DSL-based transformers serve as symbolic specifications that are provably
sound for all abstract inputs and can be effortlessly integrated into existing network certification
frameworks through a compiler backend [58], surpassing purely mathematical formulations.

3.1 Illustrative Example
To illustrate the workflow of Sail, we demonstrate how it constructs a sound abstract transformer
for the HardSigmoid activation for the popular DeepPoly [61] abstract domain based on an open-
source LLM Llama4-Maverick, which provides free API access while exhibiting decent synthesis
performance, sufficient to demonstrate the effectiveness of our framework. We choose HardSigmoid
because it is non-trivial to handle, and there does not exist a globally sound DeepPoly transformer in
the literature. This design choice prevents the language model from relying on memorized templates
or prior retrievals, thereby exposing the genuine synthesizing capability of Sail. Formally, the
HardSigmoid function is defined as a piecewise-linear function, as shown in the Fig. 2.

3.1.1 Abstract Domain. Next, we describe the DeepPoly domain, which associates two polyhedral
and two interval constraints with each neuron, where a neuron represents the output value of a
single computational node in the neural network. Formally, an abstract element is represented as
𝑧 = ⟨l, u, L,U⟩. Here, L and U are vectors of affine functions over all neurons feeding into the current
layer, with 𝐿𝑖 and 𝑈𝑖 representing the lower and upper polyhedral bounds of 𝑥𝑖 (where 𝑥𝑖 denotes the
concrete value of the 𝑖-th neuron) and 𝑙𝑖 , 𝑢𝑖 ∈ R are the corresponding concrete lower and upper scalar
bounds. The concretization is defined as 𝛾𝑛 (𝑧) = { x ∈ R𝑛 | ∀𝑖 ∈ [𝑛], 𝑙𝑖 ≤ 𝑥𝑖 ≤ 𝑢𝑖 ∧ 𝐿𝑖 ≤ 𝑥𝑖 ≤ 𝑈𝑖 }
DeepPoly is equipped with abstract transformers specifically tailored for verifying neural networks.

3.1.2 Domain-Specific Language (DSL). We choose the domain-specific language and symbolic
verification engine that are provided in ConstraintFlow [56] to support the synthesis process. Unlike
general-purpose languages such as Python, the ConstraintFlow DSL emphasizes the mathematical
specification of transformers while abstracting away implementation details, making it high-level
and solver-friendly while remaining human-readable. Also the DSL is equipped with a soundness
verification tool ProveSound built upon an SMT solver (Z3), which can automatically check the
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HardSigmoid(𝑥) =




0, 𝑥 ≤ −3,
𝑥 + 3
6 , −3 < 𝑥 < 3,

1, 𝑥 ≥ 3.

(a) Piecewise definition. (b) Visualization of the function.

Fig. 2. Definition and visualization of the HardSigmoid activation. HardSigmoid linearly approximates the
standard sigmoid between −3 and 3, and saturates at 0 and 1 outside this range.

soundness of a given candidate transformer written in ConstraintFlow, either proving soundness
for all abstract elements (instead of input-specific soundness) or generating a counterexample.

ConstraintFlow DSL expresses abstract transformers as declarative equations relating input
and output bounds. Each transformer specifies how an operator updates the lower and upper bounds
⟨l, u, L,U⟩ of the abstract element. Notably, while DeepPoly defines abstract transformers over the
entire network state, including the preservation of bounds for all preceding neurons, ConstraintFlow
simplifies this formulation by focusing only on the updated neurons. That is, instead of explicitly
encoding how all previous neurons’ bounds (𝑙𝑘 , 𝑢𝑘 , 𝐿𝑘 ,𝑈𝑘 ) remain unchanged, the DSL abstracts away
these preserved updates and specifies only the transformation relation between the input neuron 𝑥 𝑗
and the output neuron 𝑥𝑖 affected by the current operator. This design yields a concise and declarative
representation that is well-suited for LLM-based synthesis and symbolic verification.

3.1.3 Iterative Synthesis. We now demonstrate how Sail automatically synthesizes a sound trans-
former for the HardSigmoid operator within this setting.

LLM Generation. Each synthesis round begins with a structured prompt that encodes the operator
specification, the semantics of the DeepPoly domain, and the grammar of the ConstraintFlow
DSL, two-shot exemplars of verified transformers for related operators (Abs, Affine), and contextual
feedback from previous iterations. Detailed prompt templates are provided in Appendix A. The large
language model then produces a set of candidate transformers represented in DSL code, which can
be categorized into one of three types: (i) syntactically or semantically invalid (e.g., unmatched
parentheses or undefined metadata), (ii) unsound but syntactically and semantically valid, or (iii)
valid and sound. Fig. 10 in Appendix B illustrates typical examples of each outcome.

Validation and Repair. After generation, each candidate undergoes a lightweight validation stage
inspired by compiler frontends. Sail parses the candidate into an abstract syntax tree (AST) and
applies hard-coded static checks for common structural and semantic errors, including:

(i) unmatched or missing delimiters such as parentheses and braces;
(ii) illegal keywords or illegal logical operators (e.g., using “&&” when ConstraintFlow only

supports “and”; only provide one operand for the “and” operator);
(iii) improper use of reserved constants or keywords (e.g., define a new function named “transformer”,

which is a reserved keyword).
(iv) undefined identifiers or invalid function invocations;
(v) malformed attribute calls and incorrect metadata indexing (e.g., using “.” to access metadata

instead of “[]”; using nested or numeric indices where symbolic ones (l, u, z) are expected);
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(vi) type inconsistencies in arithmetic or element-wise operations (e.g., adding booleans to neurons);
These checks are detailed in Appendix C. When a violation is detected, the system invokes a dedicated
repair agent. Detailed prompt templates are provided in Appendix A. If the error cannot be matched to
any predefined rule, the agent receives a generic “Unknown Error” prompt and performs contextual
repair until the AST passes validation or the maximum try limits are met.

Soundness Verification and Cost Evaluation. After a candidate passes static validation, it is
submitted to the soundness verifier ProveSound. One of our key contributions is designing a novel
cost function to quantify the degree of unsoundness, which captures how far an unsound candidate
is from being sound. If the candidate is proved sound, then the cost function evaluates to 0 and
the procedure terminates. Otherwise, the solver returns counterexamples that are used by the cost
function to quantify the degree of unsoundness.

Designing such a cost function is highly non-trivial for two reasons. First, it is unclear how to
quantify the deviation of an abstract element’s concretization from its sound abstract enclosure
in a mathematically meaningful way. Second, the soundness definition of an abstract transformer
is expressed as a universal condition over all abstract elements [12, 23], which form an infinite
set, making direct computation infeasible. To address these challenges, we begin by dissecting the
definition of soundness itself. We progressively analyze each violating abstract element 𝑧, examining
its concretization x ∈ 𝛾 (𝑧), and relating each neuron 𝑥𝑖 within these concrete states to their abstract
shape (or constraints) components 𝐶𝑖 𝑗 . This stepwise reasoning reveals how deviations arise between
the concrete and abstract semantics, enabling a mathematically grounded ideal formulation of the
cost function that quantifies the extent of unsoundness. Since soundness is defined over an infinite set
of abstract elements, we further introduce a relaxation strategy that approximates this ideal cost by
sampling a finite subset and weighting them with an importance function 𝑤 (𝑥𝑖 ) derived from the
operator’s gradient. Formally, the ideal cost function is given by

L(𝐹 ♯) = Δ𝑆 (𝐹 ♯) = 𝑧
⊕

𝑧∈𝐴∗
x
⊕

x∈𝛾 (𝑧 )
𝑗
⊕𝑘

𝑗=1
𝜀 (𝑓 (x)𝑖 ,𝐶𝑖 𝑗 ).

Detailed derivation can be found in §4. Here, 𝐴∗ denotes the set of all abstract elements for which the
candidate transformer fails to satisfy 𝐹 (𝛾 (𝑧)) ⊑𝐶 𝛾 (𝐹 ♯ (𝑧)). 𝑧 represents one abstract element from𝐴∗,
and x ∈ 𝛾 (𝑧) corresponds to one of 𝑧’s concretizations, where x denotes the vector of neuron values
representing the concrete network state. Let 𝑥𝑖 denote the value of the 𝑖-th neuron which will be
updated in the state x; 𝑓 (x)𝑖 denotes the new value of 𝑖-th neuron after applying the concrete operator
𝑓 on x (e.g., the HardSigmoid activation). Since the operator updates only one neuron at a time while
leaving others unchanged (i.e., 𝑓 (x) 𝑗 = 𝑥 𝑗 , 𝑗 ≠ 𝑖), no soundness violation can occur in the unaffected
neurons, making it safe to focus solely on the updated one. 𝐶𝑖 𝑗 ∈ {𝑙𝑖 , 𝑢𝑖 , 𝐿𝑖 ,𝑈𝑖 } represents the 𝑗-th
constraint derived from the 𝑖-th neuron’s abstract shapes after applying the abstract transformer
(e.g., interval or affine constraint). Each violation 𝜀 (𝑓 (x)𝑖 ,𝐶𝑖 𝑗 ) quantifies how much the concrete
output 𝑓 (x)𝑖 falls outside its sound abstract enclosure, and the aggregation operator

⊕
accumulates

these deviations into a single scalar measure of unsoundness. We differentiate aggregation operators
based on their operands. 𝑧

⊕
, x
⊕
, 𝑗
⊕

represent aggregation operators operating on abstract elements,
concrete states, and constraints, respectively. In order to ensure the convergence of the algorithm,
each

⊕
is required to be a monotone, non-negative and bounded function satisfying the condition

that: ∀𝑆1, 𝑆2 as two of sets of operands, 𝑆1 ⊆ 𝑆2 =⇒ ⊕
𝑆1 ⊆

⊕
𝑆2, 0 <

⊕
𝑆1 < ∞, 0 <

⊕
𝑆2 < ∞.⊕

𝑆 = 0 if and only if 𝑆 = ∅, meaning there is no soundness violations. Typical instantiations include
maximum and mean. In practice, we use maximization as the universal aggregation operator. In
the implementation, we apply an approximation strategy combining sampling and weight function.
Details can be found in §4.5. Let ⟨l, u, L,U⟩ denote the input abstract element, and ⟨l′, u′, L′,U′⟩ the
corresponding output element. Then, based on DeepPoly, the cost function is approximated as:
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L(𝐹 ♯) = Δ̃𝑆 (𝐹 ♯) = max
𝑧∈𝐴∗

max
x∈𝛾sample (𝑧 )

𝑤 (𝑥𝑖 ) · 4max
𝑗=1

𝜀 (𝑓 (x)𝑖 ,𝐶𝑖 𝑗 )

= max
𝑧∈𝐴∗

max
x∈𝛾sample (𝑧 )

𝑤 (𝑥𝑖 ) ·
(
max(0, 𝑓 (x)𝑖−𝑢′𝑖 ) +max(0, 𝑙 ′𝑖 − 𝑓 (x)𝑖 )

+max(0, 𝑓 (x)𝑖−𝑈 ′𝑖 ) +max(0, 𝐿′𝑖 − 𝑓 (x)𝑖 )
)

where 𝛾sample (𝑧) represents a sampled subset of 𝛾 (𝑧). 𝑤 (𝑥𝑖 ) denotes the weight function, 𝑤 (𝑥𝑖 ) =
𝜙 (𝑓 ,𝑥𝑖 )∑

𝑥 ′ ∈𝛾sample (𝑧) 𝜙 (𝑓 ,𝑥 ′𝑖 )
, 𝜙 (𝑓 , 𝑥𝑖 ) = log

(
1+exp(∥∇𝑥𝑖 𝑓 (𝑥𝑖 )∥)

)
. This design of the weight function leverages

the gradient magnitude of 𝑓 to prioritize semantically critical configurations, for instance, around
𝑥 = 3 in the HardSigmoid function, where the gradient is high and transformers are more prone
to errors. The softplus transformation in the weight function avoids vanishing contributions in flat
regions. By pairing sampling with a weight function, we ensure that the finite-sample approximation
remains representative of the full sampling space.

Fig. 3. Correct polyhedra bounds for HardSigmoid
transformer on interval [𝑙𝑖 , 𝑢𝑖 ] when 𝑙𝑖 < −3 < 3 <
𝑢𝑖 . The shaded areas highlight the safely approxi-
mated region.

Fig. 4. Incorrect polyhedra bounds for HardSigmoid
transformer on interval [𝑙𝑖 , 𝑢𝑖 ], 𝑙𝑖 < −3 < 3 < 𝑢𝑖 . The
shaded areas highlight the regions that are not safely
approximated and violate the soundness condition.

We consider the most challenging case in synthesizing the HardSigmoid transformer when the
input interval spans the interval (−3, 3), where the function switches between the linear and saturated
region, i.e., 𝑙𝑖 < −3 < 3 < 𝑢𝑖 . In this mixed case, the operator alternates between the saturated zones
((−∞,−3) and (3, +∞))) and the central linear region, yielding a non-convex shape that must be
over-approximated by two affine bounds and the interval bounds. Since the HardSigmoid function
is monotonic, the interval bounds are easy to get, while two distinct affine relaxations are hard to
generate. As shown in the Fig. 4, an unsound candidate generated by Llama4-Maverick produces
overlapping affine bounds, which corresponds to the secant line connecting (𝑙𝑖 , 0) and (𝑢𝑖 , 1). In this
case, the unsound transformer 𝐹 ♯0 is then defined as:

𝐹 ♯0 (⟨𝑙𝑖 , 𝑢𝑖 , 𝐿𝑖 ,𝑈𝑖⟩) = ⟨𝑙 ′𝑖 , 𝑢′𝑖 , 𝐿′𝑖 ,𝑈 ′𝑖 ⟩ = ⟨0, 1,
1 − 0
𝑢𝑖 − 𝑙𝑖 (𝑥𝑖 − 𝑙𝑖 ),

1 − 0
𝑢𝑖 − 𝑙𝑖 (𝑥𝑖 − 𝑙𝑖 )⟩,

when 𝑙𝑖 < −3 < 3 < 𝑢𝑖 , which under-approximates part of the nonlinear curve and violates the
soundness condition. The shaded regions in the Fig. 4 highlight these violating areas, compared to
the sound approximation shown in Fig. 3.

To compute the cost function in this case, we first obtain counterexamples that violate the
soundness condition from the SMT solver, such as 𝑧1 = ⟨(. . . ,−4, . . .), (. . . , 4, . . .), L,U⟩, 𝑧2 =
⟨(. . . ,−5, . . .), (. . . , 4, . . .), L,U⟩, 𝑧3 = ⟨(. . . ,−5, . . .), (. . . , 5, . . .), L,U⟩, etc. Here, we only focus on
the lower and upper bounds of the 𝑖-th neuron of each abstract element, i.e., 𝑙𝑖 and 𝑢𝑖 , since
the affine bounds of the input elements are irrelevant when evaluating the cost function, and the
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unchanged neurons would not affect soundness, as mentioned before. Take 𝑧1 as an instance, we can
have 𝑥𝑖 ∈ {−4,−3,−2,−1, 0, 1, 2, 3, 4}, where x ∈ 𝛾𝑠𝑎𝑚𝑝𝑙𝑒 (𝑧1). Since the interval bounds 𝑙 ′𝑖 = 0 and
𝑢′𝑖 = 1 do not contribute to violations, the cost arises solely from the deviation between 𝑓 (x)𝑖 , i.e.,
𝐻𝑎𝑟𝑑𝑆𝑖𝑔𝑚𝑜𝑖𝑑 (𝑥𝑖 ), and the linear relaxation. The incorrect affine relaxation in this case used by the
unsound transformer:𝑈 ′𝑖 = 𝐿′𝑖 =

1
8𝑥𝑖 + 1

2 , yielding the violation term at each sampled point being:

𝜀 (𝑓 (x)𝑖 ,𝐶𝑖 𝑗 ) = max(0, 𝐻𝑎𝑟𝑑𝑆𝑖𝑔𝑚𝑜𝑖𝑑 (𝑥𝑖 ) −𝑈 ′𝑖 ) +max(0, 𝐿′ − 𝐻𝑎𝑟𝑑𝑆𝑖𝑔𝑚𝑜𝑖𝑑 (𝑥𝑖 ))
=
��𝐻𝑎𝑟𝑑𝑆𝑖𝑔𝑚𝑜𝑖𝑑 (𝑥𝑖 ) − ( 18𝑥𝑖 + 1

2 )
��.

Evaluating over sampled {𝑥𝑖 } yields 𝜀 = { 0, 0.125, 0.0833, 0.0417, 0, 0.0417, 0.0833, 0.125, 0 }
respectively. Each 𝜀 (𝑓 (x)𝑖 ,𝐶𝑖 𝑗 ) is then multiplied by its corresponding weight, and the maxi-
mum weighted violation is taken as the final cost, i.e., L𝑧𝑖 (𝐹 ♯0 ) = maxx∈𝛾sample (𝑧1 ) 𝑤 (𝑥𝑖 ) 𝜀 (𝑥𝑖 ) ≈
0.11390.125 ≈ 0.01424, when 𝑥𝑖 = ±3. Similarly, other abstract elements such as 𝑧2 and 𝑧3 are
processed in the same way. We then accumulate their contributions to obtain L(𝐹 ♯0 ):

L(𝐹 ♯0 ) = max(L𝑧𝑖 (𝐹 ♯0 ),L𝑧2 (𝐹 ♯0 ),L𝑧3 (𝐹 ♯0 )) = max(0.01424, 0.0230, 0.01895) = 0.0230.

In each iteration, when no sound transformer is obtained, we select from all candidates the one
with the smallest cost value as the current "best" unsound transformer. This transformer, together with
its counterexamples and cost score, is merged into the next prompt to guide subsequent iterations,
encouraging the model to learn from prior mistakes and produce improved candidates. If the next
round still fails to yield a sound transformer, we again identify the candidate whose cost is lower than
the current "best" unsound one and feed it into the next iteration as the updated unsound transformer.
A sound fallback transformer 𝐹 ♯ (⟨𝑙𝑖 , 𝑢𝑖 , 𝐿𝑖 ,𝑈𝑖⟩) = ⟨0, 1, 0, 1⟩ is provided if the synthesis fails within a
fixed number of attempts. While in practice, Sail is able to converge to a more precise transformer
that uses correct secant lines as the upper and lower polyhedral bounds, resulting in significantly
tighter abstractions. The complete synthesizing process in this case is shown in the Fig. 6c.

3.2 Implicit Effects on Precision
In addition to soundness, precision is another metric typically considered when evaluating an abstract
transformer [13, 34], reflecting the tightness of the abstraction. A more precise abstract transformer
yields a smaller over-approximation gap between the abstract output 𝛾 (𝐹 ♯ (𝑧)) and the concrete output
set 𝐹 (𝛾 (𝑧)), thus enabling more properties to be successfully verified. While our framework formally
guarantees soundness of the synthesized transformers, we empirically observe that these transformers
often exhibit decent precision as well. We provide an intuitive explanation to justify this behavior.

The prompt to LLMs incorporates both few-shot examples that include one illustrating a precise
transformer with case distinctions, and explicit DSL constructions for some common relaxation
patterns, such as tangent and secant lines, as shown in Appendix A. These design choices introduce
an inductive bias in synthesis that guides the model toward well-structured bounds and discourages
trivial yet overly loose relaxations(e.g., [−∞,∞]). Based on this, precision is furthermore implicitly
enforced by the cost function, as precision and soundness are not entirely independent in the early
stage of the search. Candidates that appear tight are often not yet sound over-approximations, and thus
verified as unsound. For example, incorrect case distinctions tend to incur violations near transition
points of the concrete function, which are then penalized more heavily by the cost function, as it
leverages a weight function that is based on the gradient magnitude of the concrete function to
prioritize violations near regions where the function changes more sharply (e.g., 0 for the absolute
value function). Also, affine bounds with misaligned slopes or intercepts may fail to enclose certain
concrete outputs, as shown in the Fig. 4, leading to soundness violations that incur a non-zero cost.
As these violations are progressively corrected through cost-guided refinement, the candidate may
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move from a tight but unsound approximation toward one that is both sound and precise. This also
explains why the synthesized transformers produce tighter bounds than the trivially sound fallback,
which either returns the top element or relies solely on scalar bounds.

4 Formalizing LLM-Guided Synthesis
4.1 Abstract Interpretation and Abstract Transformers
We consider the setting of numerical abstract interpretation, where the concrete and abstract domains
are denoted as C andA respectively. Let P𝐶 = (P(R𝑛), ⊑𝐶 ) be the poset on the power set of concrete
states where ⊑𝐶=⊆ is subset inclusion. Let P𝐴 = (A, ⊑𝐴) be the poset on the abstract elements. The
concretization function 𝛾 : A → P(R𝑛) maps an abstract element to a set of concrete elements.

Sound Abstract Transformer. Let 𝑓 : R𝑛 → R𝑛 be a concrete function. Its corresponding concrete
transformer 𝐹 : P(R𝑛) → P(R𝑛) is defined as: 𝑐 ∈ P(R𝑛), 𝐹 (𝑐) := {𝑓 (x) | x ∈ 𝑐}. Given an abstract
transformer 𝐹 ♯ : A → A, we say 𝐹 ♯ is globally sound if it overapproximates the concrete semantics
for all abstract elements, i.e., ∀𝑧 ∈ A, 𝐹 (𝛾 (𝑧)) ⊑𝐶 𝛾 (𝐹 ♯ (𝑧)). That is, applying the approximation 𝐹 ♯
on any abstract element 𝑧, and then obtaining the set of concrete values corresponding to the result
must include more states than first concretizing the abstract element and then applying the concrete
transformer 𝐹 .

4.2 Unsoundness Deviation and Metrics
Based on the definition of soundness, an abstract transformer 𝐹 ♯ is unsound iff:

∃𝑧 ∈ A, 𝐹 (𝛾 (𝑧)) @𝐶 𝛾 (𝐹 ♯ (𝑧)) .
By the definition of subset inclusion, this is equivalent to:

∃𝑧 ∈ A, ∃y ∈ R𝑛, y ∈ 𝐹 (𝛾 (𝑧)) ∧ y ∉ 𝛾 (𝐹 ♯ (𝑧)) .
From the definition of the concrete transformer 𝐹 , we have: 𝐹 (𝛾 (𝑧)) = {𝑓 (x) | x ∈ 𝛾 (𝑧)}. Thus, for
any y ∈ 𝐹 (𝛾 (𝑧)), there exists some x ∈ 𝛾 (𝑧) such that y = 𝑓 (x). Substituting this into the previous
expression gives:

∃𝑧 ∈ 𝐴, ∃x ∈ R𝑛, 𝑓 (x) ∈ 𝐹 (𝛾 (𝑧)) ∧ 𝑓 (x) ∉ 𝛾 (𝐹 ♯ (𝑧)).
Since 𝑓 (x) ∈ 𝐹 (𝛾 (𝑧)) whenever 𝑥 ∈ 𝛾 (𝑧), this simplifies to:

∃𝑧 ∈ 𝐴, ∃x ∈ R𝑛, 𝑥 ∈ 𝛾 (𝑧) ∧ 𝑓 (x) ∉ 𝛾 (𝐹 ♯ (𝑧)) .
That is, the abstract transformer 𝐹 ♯ is unsound if there exists some abstract element 𝑧 whose
concretization contains at least one state x such that 𝑓 (x) is not soundly captured by the concretization
of the abstract output 𝐹 ♯ (𝑧). We collect all such violating abstract elements to get the counterexample
set:

𝐴∗ :=
{
𝑧 ∈ A | ∃x ∈ 𝛾 (𝑧), 𝑓 (x) ∉ 𝛾 (𝐹 ♯ (𝑧))

}
.

Notably, 𝐴∗ can be an infinite set. 𝐴∗ will be an empty set when the abstract transformer is sound.
To quantify how severely an abstract transformer 𝐹 ♯ deviates from a sound one, we define a

deviation metric Δ𝑆 that aggregates violations across all elements in 𝐴∗ to quantify the extent to
which the abstract transformer 𝐹 ♯ fails to be sound:

Δ𝑆 (𝐹 ♯) := 𝑧
⊕

𝑧∈𝐴∗𝜈 (𝑧) (1)

where 𝜈 (𝑧) ∈ R≥0 captures how much 𝐹 ♯ fails to satisfy the soundness property with respect to the
abstract element 𝑧. Here, 𝑧

⊕
denotes a generic aggregation operator that combines the local violation

measures across abstract elements. To ensure that Δ𝑆 (𝐹 ♯) defines a well-behaved deviation measure,
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the aggregation operator 𝑧
⊕

is required to be (1) monotone, (2) non-negative and (3) bounded.
Formally ∀𝑆1, 𝑆2, 𝑆1 ⊆ 𝑆2 =⇒ 𝑧

⊕
𝑆1 ⊆ 𝑧

⊕
𝑆2, 0 < 𝑧

⊕
𝑆1 < ∞, 0 < 𝑧

⊕
𝑆2 < ∞. 𝑧

⊕
𝑆 = 0 if and

only if 𝑆 = ∅. Typical instantiations include maximum and mean.
A natural question arises: how should one define 𝜈 (𝑧)? A naive approach is to assign 𝜈 (𝑧) = 1,

i.e., uniformly weighting each abstract element, so that Δ𝑆 reduces to counting the total number of
unsound abstract elements. However, this strategy is unsatisfactory for two reasons. First, the set
𝐴∗ may be infinite, which renders such counting intractable. Second, a uniform assignment fails to
capture the heterogeneous contributions of different abstract elements to unsoundness. For example,
some 𝑧 ∈ 𝐴∗ may correspond to a violation caused by only a single concrete point, whereas others may
exhibit violations across almost their entire concretization. Assigning them the same weight therefore
discards crucial information about the relative severity of their contributions to unsoundness.

To better capture the severity of soundness failure, we define 𝜈 (𝑧) quantitatively by aggregating
individual pointwise violations over all x ∈ 𝛾 (𝑧). This enables a more fine-grained view of transformer
quality and supports optimization-based repair strategies. At the same time, such a quantitative
formulation enables approximating Δ𝑆 through sampling in the future when needed. We decompose
each abstract-level violation 𝜈 (𝑧) into its underlying pointwise contributions by accumulating the
violations from each x ∈ 𝛾 (𝑧): 𝜈 (𝑧) := x⊕

x∈𝛾 (𝑧 )𝛿 (𝑓 (x), 𝛾 (𝐹 ♯ (𝑧))). Here, x⊕ is the aggregation
operator working on concrete states x, sharing the same three properties as 𝑧

⊕
. The pointwise metric

𝛿 (𝑓 (x), 𝛾 (𝐹 ♯ (𝑧))) ∈ R≥0 quantifies the degree to which the concrete output 𝑓 (x) lies outside the
abstract output region 𝛾 (𝐹 ♯ (𝑧)). Formally, we require 𝛿 to satisfy the following property 𝒫:

𝛿 (𝑓 (x), 𝛾 (𝐹 ♯ (𝑧))) =
{
0 if 𝑓 (x) ∈ 𝛾 (𝐹 ♯ (𝑧))
> 0 if 𝑓 (x) ∉ 𝛾 (𝐹 ♯ (𝑧))

That is, 𝛿 evaluates to zero if all concrete outputs are captured by the abstract output, indicating no
contribution to unsoundness. It returns a positive value if the output violates the soundness condition.
Therefore, the total deviation becomes:

Δ𝑆 (𝐹 ♯) = 𝑧
⊕

𝑧∈𝐴∗
x
⊕

x∈𝛾 (𝑧 )𝛿 (𝑓 (x), 𝛾 (𝐹
♯ (𝑧))), (2)

which provides a structured and quantifiable measure of how far 𝐹 ♯ deviates from being a sound
abstract transformer.

Shape-aware deviation. We define 𝑛 as the number of variables in the concrete domain captured
by 𝑧. In the general case, these variables are not independent: constraints may relate multiple
variables simultaneously, reflecting dependencies across the program state. Nevertheless, by applying
Fourier–Motzkin Elimination(FME) [16], we can always rewrite such relational constraints into
multiple constraints expressed with respect to a particular variable of interest. Thus, 𝐹 ♯ (𝑧)𝑖 will have
𝑛 dimensions, each dimension encoding the set of constraints associated with the corresponding
concrete variable: 𝐹 ♯ (𝑧)𝑖 = (𝐶𝑖1,𝐶𝑖2, . . . ,𝐶𝑖𝑘 ), 𝑖 ∈ {1, . . . , 𝑛}, where each 𝐶𝑖 𝑗 denotes a scalar or
affine constraint on the 𝑖-th variable obtained via FME, and 𝑘 denotes the number of constraints
that can be derived. Given this componentwise interpretation, the total deviation Δ𝑆 can be further
decomposed into a nested aggregation over the abstract element 𝑧, its concretization x ∈ 𝛾 (𝑧), the
updated variable index 𝑖, and the 𝑘 constraints associated with that variable:

Δ𝑆 (𝐹 ♯) = 𝑧
⊕

𝑧∈𝐴∗
x
⊕

x∈𝛾 (𝑧 )
𝑖
⊕𝑛

𝑖=1
𝑗
⊕𝑘

𝑗=1
𝜀
(
𝑓 (x)𝑖 ,𝐶𝑖 𝑗

)
. (3)

where 𝑖
⊕
, 𝑗
⊕

are the aggregation operators operating on neurons and constraints, sharing the same
properties as 𝑧

⊕
, x
⊕

. Consistent with the global deviation measure 𝛿 , the shape-level violation
function 𝜀 is required to satisfy an analogous property 𝒫:
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𝜀
(
𝑓 (x)𝑖 ,𝐶𝑖 𝑗

)
=

{
0 if 𝑓 (x)𝑖 |= 𝐶𝑖 𝑗 ,

> 0 if 𝑓 (x)𝑖 ̸ |= 𝐶𝑖 𝑗 ,

where 𝑓 (x)𝑖 |= 𝐶𝑖 𝑗 denotes that the 𝑖-th component of 𝑓 (x) satisfies the 𝑗-th constraint 𝐶𝑖 𝑗 .
Single assignment function. In many practical scenarios, the function 𝑓 is single-assignment, that

is, it updates only one of the 𝑛 program variables while leaving the others unchanged. Formally, let 𝑖
denote the index of the updated variable, 𝑓 (x)𝑖′ = 𝑥𝑖′ ,∀𝑖′ ≠ 𝑖 . Then we will have 𝑓 (𝑣)𝑖′ = 𝑥𝑖′ ∈ 𝛾 (𝑧)𝑖′ =
𝛾 (𝐹 ♯ (𝑧))𝑖′ , i.e., the value of 𝑓 (x)𝑖′ remains within the abstract output region. Hence, the shape-level
violation for these variables vanishes, i.e., 𝜀 (𝑓 (x)𝑖′ ,𝐶𝑖′ 𝑗 ) = 0 for all 𝑗 = 1, . . . , 𝑘 and all 𝑖′ ≠ 𝑖 .
Therefore, the decomposition in Equation 3 simplifies to:

Δ𝑆 (𝐹 ♯) = 𝑧
⊕

𝑧∈𝐴∗
x
⊕

x∈𝛾 (𝑧 )
𝑗
⊕𝑘

𝑗=1
𝜀 (𝑓 (x)𝑖 ,𝐶𝑖 𝑗 ), (4)

where 𝑖 is the unique updated variable. The implementation of 𝜀 naturally depends on the representation
of the constraint 𝐶𝑖 𝑗 , which in turn is determined by the chosen abstract domain. To systematically
capture the structure of𝐶𝑖 𝑗 , we define them as below. We denote the neuron value by 𝑦 ∈ R for clarity.

⟨Constraint⟩ ::= ⟨ScalarBound⟩ | ⟨AffineBound⟩
⟨ScalarBound⟩ ::= 𝑦 ≤ 𝑐 | 𝑦 ≥ 𝑐
⟨AffineBound⟩ ::= 𝑦 ≤ 𝑎0 +

∑𝑛
𝑖=1 𝑎𝑖𝑥𝑖 | 𝑦 ≥ 𝑎0 +

∑𝑛
𝑖=1 𝑎𝑖𝑥𝑖

Here, 𝑐 ∈ R denotes a concrete scalar bound, and 𝑎0, 𝑎1, . . . , 𝑎𝑛 ∈ R are the coefficients of an affine
function over symbolic variables 𝑥1, 𝑥2, . . . , 𝑥𝑛 . This definition captures both concrete constant bounds
and symbolic affine expressions over input variables. By combining these two types of bounds, we
can flexibly express a wide range of abstract domains. For instance, in the Interval domain, each
constraint is defined by the scalar bound; In the Polyhedra domain, a constraint is represented by the
affine bound, specifying a linear constraint on inputs; In the DeepPoly domain, each abstract shape is
encoded with a pair of scalar bounds and a pair of affine bounds (one upper and one lower), allowing
tighter symbolic enclosures for neural network verification, leading to the corresponding constraints
taking the form of either scalar bounds or affine bounds.

(1) Scalar Bound. We use 𝑚 ∈ R to denote the neuron value be evaluated (e.g., 𝑓 (x)𝑖 as we
discussed before). When the constraint is a scalar bound of the form 𝑦 ≤ 𝑐 or 𝑦 ≥ 𝑐, the
violation is defined as the one-sided distance from the evaluated point𝑚 to the feasible region:
𝜀 (𝑚, 𝑦 ≤ 𝑐) := max(0, 𝑚 − 𝑐), 𝜀 (𝑚, 𝑦 ≥ 𝑐) := max(0, 𝑐 −𝑚).

(2) Affine Bound. When the constraint is an affine bound 𝑦 ≤ 𝑎0 +
∑𝑛

𝑖=1 𝑎𝑖𝑥𝑖 or 𝑦 ≥ 𝑎0 +
∑𝑛

𝑖=1 𝑎𝑖𝑥𝑖 ,
the violation is: 𝜀 (𝑚, 𝑦 ≤ 𝑎0 +

∑
𝑎𝑖𝑥𝑖 ) := max(0, 𝑚 − (𝑎0 +

∑
𝑎𝑖𝑥𝑖 )), 𝜀 (𝑚, 𝑦 ≥ 𝑎0 +

∑
𝑎𝑖𝑥𝑖 ) :=

max(0, (𝑎0 +
∑
𝑎𝑖𝑥𝑖 ) −𝑚).

4.3 Constrained Optimization Problem
To address the problem of synthesizing sound abstract transformers, we formalize the synthesis
process as an LLMs-based constrained optimization problem that minimizes a quantitative cost
function L(𝐹 ♯) subject to hard syntactic and semantic validity constraints.

Search Space. LetH denote the set of all candidate abstract transformers 𝐹 ♯. WithinH , we define
three disjoint subsets that partition the space according to validity and soundness:

V := { 𝐹 ♯ ∈ H | 𝐹 ♯ is syntactically and semantically valid },
G :=

{
𝐹 ♯ ∈ V

��� ∀𝑧 ∈ 𝐴, 𝐹 (𝛾 (𝑧)) ⊆ 𝛾 (𝐹 ♯ (𝑧))} ,U := V \ G.
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Here,V contains all valid transformers, G ⊆ V contains all valid and sound transformers, andU
contains all valid but unsound transformers that violate the soundness condition for some 𝑧 ∈ 𝐴.

LLMs Generation. Given a prompt 𝑝, the large language model acts as a stochastic generation
operator ΠLLM that produces a batch of candidate abstract transformers:

{𝐹 ♯
𝑐𝑎𝑛𝑑
} = ΠLLM (𝑝), where ΠLLM (𝐹 ♯ | 𝑝) ∼ Pr

[
𝐹 ♯
��𝑝, 𝜃LLM, Dtrain, 𝜋decode, 𝜖, 𝜓

]
.

Here, {𝐹 ♯
𝑐𝑎𝑛𝑑
} ⊆ H , which is the generated set of candidates. 𝜃LLM denotes the model parameters

learned from its pretraining corpusDtrain, which capture the model’s basic knowledge of language and
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search spaceH
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𝐹 #0
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𝐹 #2
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Fig. 5. Search trajectory of abstract transformers from an unsound starting point into the sound and eventually
precise region withinH .

Search Space. [Note: use another letter instead of S, refer to fig 5]Let H denote the set of all
candidate abstract transformers 𝐹 ♯. WithinH , we define three disjoint subsets that partition the space
according to validity and soundness:

V := { 𝐹 ♯ ∈ H | 𝐹 ♯ is syntactically and semantically valid },
G :=

{
𝐹 ♯ ∈ V

��� ∀𝑧 ∈ 𝐴, 𝐹 (𝛾 (𝑧)) ⊆ 𝛾 (𝐹 ♯ (𝑧))} ,
U := V \ G.

Here,V contains all valid transformers, G ⊆ V contains all valid and sound transformers, andU
contains all valid but unsound transformers that violate the soundness condition for some 𝑧 ∈ 𝐴.

LLMs Generation. [Note: don’t use phi] Given a prompt 𝑝, the large language model acts as a
stochastic generation operator ΠLLM that produces a batch of candidate abstract transformers:

{𝐹 ♯
𝑐𝑎𝑛𝑑
} = ΠLLM (𝑝), where ΠLLM (𝐹 ♯ | 𝑝) ∼ Pr

[
𝐹 ♯
��𝑝, 𝜃LLM, Dtrain, 𝜋decode, 𝜖, 𝜙

]
.
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(1) Scalar Bound. When the constraint is a scalar bound of the form 𝑦 ≤ 𝑐 or 𝑦 ≥ 𝑐, the violation
is defined as the one-sided distance from the evaluated point y to the feasible region:

𝜀 (y, 𝑦 ≤ 𝑐) := max(0, y − 𝑐),
𝜀 (y, 𝑦 ≥ 𝑐) := max(0, 𝑐 − y).

(2) Affine Bound. When the constraint is an affine bound 𝑦 ≤ 𝑎0 +
∑𝑛

𝑖=1 𝑎𝑖𝑥𝑖 or 𝑦 ≥ 𝑎0 +
∑𝑛

𝑖=1 𝑎𝑖𝑥𝑖 ,
the violation is:

𝜀 (y, 𝑦 ≤ 𝑎0 +
∑︁

𝑎𝑖𝑥𝑖 ) := max(0, y − (𝑎0 +
∑︁

𝑎𝑖𝑥𝑖 )),
𝜀 (y, 𝑦 ≥ 𝑎0 +

∑︁
𝑎𝑖𝑥𝑖 ) := max(0, (𝑎0 +

∑︁
𝑎𝑖𝑥𝑖 ) − y) .

4.3 Constrained Optimization Problem

search space S

unsound

sound

precise

𝐹 #0

𝐹 ′#1

𝐹 ′′#1

𝐹 #1 ×

𝐹 #2

𝐹 ′#2

𝐹 #3

𝐹 #4

Fig. 5. Search trajectory of abstract transformers from an unsound starting point into the sound and eventually
precise region within S.

To address the problem of synthesizing sound abstract transformers, we formalize the synthesis
process as a LLMs-based constrained optimization problem that minimizes a quantitative cost function
L(𝐹 ♯) subject to hard syntactic and semantic validity constraints.

Search Space. Let S denote the set of all candidate abstract transformers 𝐹 ♯. Within S, we define
three disjoint subsets that partition the space according to validity and soundness:

V := { 𝐹 ♯ ∈ S | 𝐹 ♯ is syntactically and semantically valid },
G :=

{
𝐹 ♯ ∈ V

��� ∀𝑧 ∈ 𝐴, 𝐹 (𝛾 (𝑧)) ⊆ 𝛾 (𝐹 ♯ (𝑧))} ,
U := V \ G.

Here,V contains all valid transformers, G ⊆ V contains all valid and sound transformers, andU
contains all valid but unsound transformers that violate the soundness condition for some 𝑧 ∈ 𝐴.

LLMs Generation. Given a prompt 𝑝, the large language model acts as a stochastic generation
operator ΠLLM that produces a batch of candidate abstract transformers:

{𝐹 ♯
𝑐𝑎𝑛𝑑
} = ΠLLM (𝑝), where ΠLLM (𝐹 ♯ | 𝑝) ∼ Pr

[
𝐹 ♯
��𝑝, 𝜃LLM, Dtrain, 𝜋decode, 𝜖, 𝜙

]
.

Fig. 6. [Note: remove precision, bkg]Search trajec-
tory of abstract transformers within the search

spaceH . Starting from 𝐹
♯
0 , the process iteratively

selects the candidate transformer with the low-
est cost function value each round. Each refine-
ment step must satisfy the progress condition
L(R(𝐹 ♯)) < L(𝐹 ♯) − 𝜆; for example, the transi-

tion from 𝐹
♯
1 to 𝐹 ′♯2 is invalid since it violates this

constraint.

Here, {𝐹 ♯
𝑐𝑎𝑛𝑑
} ⊆ H , which is the generated set

of candidates. 𝜃LLM denotes the model parameters
learned from its pretraining corpus Dtrain, which cap-
ture the model’s basic knowledge of language and
semantics. 𝜋decode represents the internal decoding
policy (e.g., temperature, nucleus sampling, beam
width), and 𝜖 models the stochastic factors introduced
during token generation. The term 𝜙 denotes outer
feedback that implicitly modifies the reward func-
tion, such as reinforcement learning from human
feedback (RLHF), instruction tuning, or system-level
prompting, which biases the model toward human-
aligned or task-specific behaviors. Together, these
factors jointly determine the conditional generation

Fig. 5. Search trajectory of abstract transform-
ers within the search space H . Starting from

𝐹
♯
0 , the process iteratively selects the candidate
transformer with the lowest cost function value
each round. Each refinement step must satisfy
the progress condition L(R(𝐹 ♯)) < L(𝐹 ♯) − 𝜆;
for example, the transition from 𝐹

♯
1 to 𝐹 ′♯2 is in-

valid since it violates this constraint.

semantics. 𝜋decode represents the internal decoding
policy (e.g., temperature, nucleus sampling, beam
width), and 𝜖 models the stochastic factors introduced
during token generation. The term 𝜓 denotes outer
feedback that implicitly modifies the reward func-
tion, such as reinforcement learning from human
feedback (RLHF), instruction tuning, or system-level
prompting, which biases the model toward human-
aligned or task-specific behaviors. Together, these
factors jointly determine the conditional generation
distribution ΠLLM (𝐹 ♯ | 𝑝), explaining various perfor-
mance (candidate sets with varying correctness and
soundness rate) of different models under identical
prompting conditions. In other word, ΠLLM induces a
specific probability distribution over the search space
H of candidate transformers.

Cost Function. As described in §4.2, we define
a domain-specific cost function: L(𝐹 ♯) = Δ𝑆 (𝐹 ♯),
where Δ𝑆 (𝐹 ♯) measures the soundness deviation of
the candidate transformer. which captures how far 𝐹 ♯
deviates from the soundness condition, and is zero if
and only if 𝐹 ♯ is sound.

Optimization Objective. The synthesis problem is formulated as minimizing the soundness loss:

𝐹 ♯∗ = argmin
𝐹 ♯
L(𝐹 ♯) s.t. 𝐹 ♯ satisfies all syntactic and semantic validity constraints.

Here 𝐹 ♯∗ denotes the sound transformer. For any 𝐹 ♯ ∈ U, the positive Δ𝑆 (𝐹 ♯) quantifies the degree of
unsoundness, guiding the refinement process to iteratively reduce Δ𝑆 until the transformer enters G.

Search Strategy. The cost function L is generally non-differentiable, so technically any gradient
search strategy can not be utilized to explore the space of candidate transformers. However, to guarantee
convergence while preserving exploration flexibility, we design a refinement strategy. Formally, given
an initial candidate 𝐹 ♯0 ∈ H , the synthesis system iteratively refines the transformer using a refinement
operator R : H → H , which aims to monotonically decrease the loss: L(R(𝐹 ♯)) < L(𝐹 ♯). To
ensure the synthesis terminates within a finite number of steps, we require each refinement to achieve
a minimum improvement on the cost function:

L(R(𝐹 ♯)) < L(𝐹 ♯) − 𝜆, (5)

where 𝜆 > 0 is a fixed threshold controlling the minimum progress per iteration. The search trajectory
is visualized in Fig. 5. Each step applies R to improve the transformer. When progress stalls (i.e., no
decrease for 𝐾 consecutive rounds), the system can either terminate or adaptively reduce 𝜆 to explore
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alternative refinement paths. The process continues until a sound transformer is found (i.e., 𝐹 ♯
𝑘
∈ G)

or a maximum number of attempts is reached. We therefore proceed to prove the convergence of the
algorithm under this setting.

4.4 Convergence Proof
Requirements. The convergence proof relies on the following requirements:
(R1) For all constraint terms 𝐶𝑖 𝑗 and evaluated components 𝑓 (x)𝑖 in Equation 4, both values are

finite, i.e., 𝑓 (x)𝑖 ,𝐶𝑖 𝑗 ∈ R.
(R2) The aggregation operators

⊕
are all non-negative and bounded, i.e., ∀𝑆, 0 <

⊕
𝑆 < ∞, and

the aggregated deviation is finite and non-negative, i.e., ∀𝑆1, 𝑆2, 𝑆1 ⊆ 𝑆2 =⇒ ⊕
𝑆1 ⊆

⊕
𝑆2.⊕

𝑆 = 0 if and only if 𝑆 = ∅.
Theorem 4.1. Assume each refinement step R satisfies the rule L(R(𝐹 ♯)) < L(𝐹 ♯) − 𝜆, where
∀𝐹 ♯, 0 < L(𝐹 ♯) < ∞ and 𝜆 > 0. With fixed 𝜆, the refinement process reaches L(𝐹 ♯𝑇 ) = 0 in at most

𝑇 ≤
⌈
L(𝐹 ♯

0 )
𝜆

⌉
successful refinement steps. In particular, L(𝐹 ♯𝑇 ) = 0 and hence 𝐹 ♯𝑇 ∈ G.

Proof. Let 𝐿𝑡 := L(𝐹 ♯𝑡 ) denote the cost at the 𝑡-th successful refinement. By the improvement
rule (R3), for every such step we have L(𝐹 ♯𝑡+1) < L(𝐹 ♯𝑡 ) − 𝜆. Unrolling the inequality yields

L(𝐹 ♯𝑡 ) < L(𝐹 ♯0 ) − 𝑡𝜆. Choose 𝑇 :=
⌈
L(𝐹 ♯

0 )
𝜆

⌉
. Then L(𝐹 ♯𝑇 ) < L(𝐹

♯
0 ) − 𝑇𝜆 ≤ 0. Combined with

non-negativity (R2), we obtain L(𝐹 ♯𝑇 ) = 0. By the definition of the cost (zero iff sound), this implies
𝐹 ♯𝑇 is sound, i.e., 𝐹 ♯𝑇 ∈ G. □

The parameter 𝜆 controls the trade-off between convergence speed and refinement performance.
A larger 𝜆 enforces a stronger improvement per refinement step, leading to faster convergence in
theory but making it harder for refinement to satisfy the required reduction. In contrast, a smaller 𝜆
allows more gradual progress and increases the likelihood of finding valid refinements, though at the
cost of slower convergence and more iterations. In our implementation based on LLMs, 𝜆 is fixed.
The model performs refinement within a fixed maximum number of attempts; if convergence is not
achieved after reaching this limit, the process terminates.

4.5 Instantiation
Relaxation Strategy. In practice, directly evaluating the loss function Equation 4 is intractable, since
both the set of abstract elements𝐴∗ and the concretization 𝛾 (𝑧) may be infinite. To make computation
feasible, we introduce a relaxation strategy by sampling from a finite subset of concretizations,
denoted 𝛾sample (𝑧) ⊆ 𝛾 (𝑧). For each sampled point 𝑥𝑖 , where x ∈ 𝛾sample (𝑧), we assign a normalized
weight𝑤 (𝑥𝑖 ) that reflects its relative contribution to unsoundness. Intuitively, the weight function
highlights those inputs that are more semantically critical, such as values close to nonlinear activation
thresholds or regions prone to errors. The relaxed loss is therefore computed as:

Δ̃𝑆 (𝐹 ♯) = 𝑧
⊕

𝑧∈𝐴∗
x
⊕

x∈𝛾𝑠𝑎𝑚𝑝𝑙𝑒 (𝑧 )
𝑗
⊕𝑘

𝑗=1
𝑤 (𝑥𝑖 ) · 𝜀

(
𝑓 (x)𝑖 ,𝐶𝑖 𝑗

)
. (6)

This relaxation ensures a tractable loss, while the weighting strategy preserves the informativeness of
the deviation measure by emphasizing sampled points that contribute most to potential violations.

Weight Function. The weights are normalized as 𝑤 (𝑥𝑖 ) = 𝜙 (𝑓 ,𝑥𝑖 )∑
𝑥 ′ ∈𝛾sample (𝑧) 𝜙 (𝑓 ,𝑥 ′𝑖 )

. Here, 𝑓 denotes
the concrete function under analysis, 𝜙 (𝑓 , 𝑥𝑖 ) is a function-specific score designed to prioritize
semantically critical configurations—such as those that cross nonlinear boundaries (e.g., zero
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for ReLU function), introduce branching behavior, or expose unstable symbolic patterns. In our
formulation, we define 𝜙 (𝑓 , 𝑥𝑖 ) based on the sensitivity of the operator with respect to its input,
measured by the numerical gradient: 𝜕 𝑓 (𝑥 )

𝜕𝑥𝑖
≈ 𝑓 (𝑥𝑖+𝜖 )−𝑓 (𝑥𝑖−𝜖 )

2𝜖 . To ensure robustness, we apply the
softplus transformation to the gradient magnitude, yielding: 𝜙 (𝑓 , 𝑥𝑖 ) = log

(
1 + exp(∥∇𝑥𝑖 𝑓 (𝑥𝑖 )∥)

)
.

This construction leverages gradient information to emphasize inputs where the operator is most
sensitive, while the softplus function prevents vanishing contributions in flat regions (where the
gradient would otherwise be zero). As a result, the weight function captures both local sensitivity and
stability, assigning higher importance to configurations likely to expose unsoundness in 𝐹 ♯.

Algorithm 1 summarizes the whole constrained optimization procedure. In each round, we sample
a set of candidate DSL transformers from the LLM, run validation to fix syntactic or semantic errors,
discard those that cannot be repaired within the allowed number of attempts, and then invoke the
soundness verifier. If a candidate is sound, we return it immediately and terminate; otherwise we
score the unsound ones with the cost function, keep the best unsound candidate, and augment the next
prompt with counterexamples, and repeat up to the retry budget. If no sound transformer is found, we
return the default fallback. We set 𝜆 = 0.0001 in practice.
Algorithm 1 Multi-Round Abstract Transformer Generation and Validation
Input: Prompting template 𝑃 ; model client 𝑀; validator 𝑉𝑎; soundness verifier 𝑉𝑒; cost evaluator 𝐸;
minimum decrease 𝜆; max retries 𝑅, fallback 𝐹 .
Output: result (bool), code (DSL).

1: result← 𝑓 𝑎𝑙𝑠𝑒; code← ∅; 𝑏𝑒𝑠𝑡_𝑐𝑜𝑑𝑒 ← ∅; 𝑏𝑒𝑠𝑡_𝑠𝑐𝑜𝑟𝑒 ←∞
2: for 𝑟 = 1→ 𝑅 do
3: Augment 𝑃 with previous failures and counterexamples (if any) ⊲ use failed code to guide

next round
4: Generate completions {𝑐1, 𝑐2, . . . } from 𝑀 using 𝑃
5: for each completion 𝑐𝑖 do
6: Extract candidate DSL code 𝑑 from 𝑐𝑖
7: if 𝑑 is empty then
8: continue ⊲ skip empty extraction
9: for 𝑟 = 1→ 𝑅 do

10: 𝑖𝑠𝑣𝑎𝑙𝑖𝑑, 𝑑 ← 𝑉𝑎(𝑑) ⊲ check the syntax and semantic correctness, fix errors if invalid
11: if ¬ isvalid then
12: continue ⊲ skip invalid ones
13: (𝑝𝑎𝑠𝑠𝑒𝑑, 𝑐𝑒) ← 𝑉𝑒 (𝑑) ⊲ verify soundness
14: if 𝑝𝑎𝑠𝑠𝑒𝑑 then
15: return (true, 𝑑) ⊲ sound transformer found
16: else if 𝑐𝑒 ≠ ∅ then
17: 𝑠𝑐𝑜𝑟𝑒 ← 𝐸 (𝑑) ⊲ evaluate unsound transformer with cost function
18: if 𝑠𝑐𝑜𝑟𝑒 < 𝑏𝑒𝑠𝑡_𝑠𝑐𝑜𝑟𝑒 − 𝜆 then
19: 𝑏𝑒𝑠𝑡_𝑠𝑐𝑜𝑟𝑒 ← 𝑠𝑐𝑜𝑟𝑒; 𝑏𝑒𝑠𝑡_𝑐𝑜𝑑𝑒 ← 𝑑
20: Save (𝑑, 𝑐𝑒) for next prompt augmentation ⊲ keep "best" unsound candidate
21: return (false, F) ⊲ terminate and return the default fallback

5 Evaluation
We evaluate our approach to answer the following research questions:
RQ1: How effective is Sail procedure in guiding the synthesis process toward sound abstract

transformers with different LLMs? (§5.1)
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RQ2: Can Sail generate abstract transformers for complex non-linear operations? (§5.2)
RQ3: How precise are the synthesized transformers for verifying neural networks? (§5.3)
RQ4: How does the performance change when the cost function or the validation module is ablated,

and can LLMs still synthesize sound operators? (§5.4)
RQ5: How does Sail compare to manual transformer design in terms of synthesis effort, and how

well does it scale?
Key Observations. For RQ1, we consider the popular HardSigmoid activation for which no prior

globally sound transformer exists. For RQ2, we evaluate on concrete operations, GeLU and ELU,
which do not have any globally sound abstract transformer in the existing literature. For RQ3-4,
we also consider additional operations for which handcrafted transformers exist. We find that as
model capability increases, the dependence on cost-function feedback decreases overall (RQ1) but
re-emerges prominently for complex operators (RQ2), highlighting that the cost function improves
model capability overall through a formal process that provides explicit correctness guarantees. RQ3
demonstrates that Sail achieves consistently high precision across a wide range of operators and
abstract domains. For cases where handcrafted transformers exist, Sail synthesized transformers
match the precision of existing transformers. Our observations for RQ4 show that cost-function
guidance with validation is essential for Sail to synthesize diverse and sound abstract transformers.
For RQ5, we find that Sail significantly reduces manual effort with moderate synthesis overhead,
while verification scales efficiently with model size.

Experimental Setup. Sail is implemented in Python and integrated with the ConstraintFlow
verification engine. All experiments are conducted on a GPU cluster node equipped with four NVIDIA
A100 GPUs (40 GB each), an AMD EPYC 7763 CPU, and 256 GB of RAM, running CUDA 12.2.
We evaluate Sail on a suite of challenging and popular neural network activation functions, including
challenging piecewise-linear activations and non-linear activations, for which relatively less work
exists on designing globally sound abstract transformers, such as HardTanh, HardSigmoid, HardSwish,
Gelu, and Elu. We choose four state-of-the-art models: GPT-5, GPT-4o, Llama4-Maverick, and
Claude-Opus-4. Since ConstraintFlow cannot directly verify nonlinear activation functions, Gelu
and Elu, due to relying on Z3 as the underlying SMT solver, we manually verify the soundness and
provide counterexamples for these. We use stochastic decoding during generation to ensure fair and
stable evaluation, and we repeat each synthesis task multiple times under identical configurations and
report the best performance across runs.

5.1 Effectiveness of Cost-Function Guidance
We demonstrate the effectiveness of the proposed cost-function guidance using the synthesis of
the HardSigmoid operator, a nontrivial piecewise-linear activation that had no prior handcrafted
transformer in the DeepPoly domain. Four models (GPT-5, GPT-4o, Llama4-Maverick, and Claude-
Opus-4) were tasked to generate valid transformers under identical configurations. Fig. 6 visualizes
their synthesis behavior, where Fig. 6a reports the number of generation, repair, and counterexamples
rounds, and Fig. 6b, Fig. 6c, Fig. 6d show the cost trajectories for representative runs.

Across all models, GPT-5 completes synthesis without explicit help of counterexamples, while
GPT-4o converges within several rounds with some feedback. In contrast, Llama4-Maverick and
Claude-Opus-4 require substantially more verification feedback and repair rounds, exhibiting multiple
cost drops triggered by counterexamples. These results reveal that model capability strongly influences
the reliance on formal guidance. By following the optimization rule defined in Equation 5, the
synthesis process discards occasional abnormal evaluations arising from sampling randomness,
thereby maintaining a consistently decreasing and convergent cost trajectory. For example, as shown
in Fig. 6d, the cost-function trajectory for Claude-Opus-4 exhibits a stable downward trend after
filtering out such outliers. Overall, the results demonstrate that while stronger models such as GPT-5

Proc. ACM Program. Lang., Vol. 10, No. PLDI, Article 230. Publication date: June 2026.



230:18 Qiuhan Gu, Avaljot Singh, and Gagandeep Singh

(a) Overall synthesis statistics across models. (b) Cost-function trajectory for GPT-4o.

(c) Cost-function trajectory for Llama4-Maverick. (d) Cost-function trajectory for Claude-Opus-4.

Fig. 6. Synthesis performance of different LLMs on HardSigmoid operators in the DeepPoly domain.

can generate sound transformers autonomously, cost-function feedback remains essential for less
capable models. The cost function thus compensates for model limitations and ensures convergence in
complex synthesis tasks. Comprehensive results for the synthesis of other sound abstract interpreters
across multiple models and domains can be found in Appendix I.

5.2 Handling Novel Nonlinear Operators

Fig. 7. Performance of GPT-5 generating DeepPoly
transformers for GELU and ELU.

To further test the limits of Sail ’s synthesis
capability for handling complex nonlinear opera-
tions, we task the best-performing model, GPT-5,
with generating DeepPoly transformers for two
representative nonlinear operators: GeLU and
ELU. Formally, the GeLU function is defined
as GELU(𝑥) = 1

2𝑥 (1 + erf (𝑥/
√
2)), where erf

denotes the Gaussian error function. The ELU
function is defined as ELU(𝑥) = 𝑥 for 𝑥 > 0 and
𝛼 (𝑒𝑥 − 1) for 𝑥 ≤ 0 with the default 𝛼 = 1. The
synthesis performance is shown in Fig. 7 and
the synthesis results are shown in Fig. 8, Fig. 9.
While GPT-5 can generate sound piecewise-linear transformers without explicit cost-function guid-
ance (as shown in Fig. 6a), as the complexity of the target operator increases, the reliance on
cost-function feedback re-emerges and increases as the complexity of the target operator grows. This
trend highlights that while GPT-5 exhibits strong structural understanding, the cost-function feedback

Proc. ACM Program. Lang., Vol. 10, No. PLDI, Article 230. Publication date: June 2026.



SAIL: Sound Abstract Interpreters with LLMs 230:19

is essential for soundly capturing the behavior of novel and complicated nonlinear operators such as
GeLU.

(a) 𝑙 < 𝑢 < 0. (b) 0 < 𝑙 < 𝑢. (c) 𝑙 < 0 < 𝑢.

Fig. 8. DeepPoly Transformer for GeLU. The transformer considers three cases: (a) for 𝑙 < 𝑢 < 0, lower
bound and upper bound are 𝑦 = 0.5𝑥 and 𝑦 = 0 respectively; (b) for 0 < 𝑙 < 𝑢, lower bound and upper
bound are 𝑦 = 0.5𝑥 and 𝑦 = 𝑥 respectively; (c) for the mixed case (𝑙 < 0 < 𝑢), the upper bound is the secant
line connecting (𝑙,GeLU(𝑙)) and (𝑢,GeLU(𝑢)), while the lower bound remains 𝑦 = 0.5𝑥 . Since GeLU(𝑥) is
monotonic, the interval bounds correspond directly to GeLU(𝑙) and GeLU(𝑢). Each shaded region shows the
area enclosed by the DeepPoly’s polyhedra bounds, visualizing how they approximate the GeLU activation.

(a) 𝑙 < 𝑢 < 0. (b) 0 < 𝑙 < 𝑢. (c) 𝑙 < 0 < 𝑢.

Fig. 9. DeepPoly Transformer for ELU. The transformer is divided into three cases: (1) for 𝑙 < 𝑢 < 0, the
lower and upper bounds are 𝑦 = −1 and the secant line connecting (𝑙, ELU(𝑙)) and (𝑢, ELU(𝑢)), respectively;
(2) for 0 < 𝑙 < 𝑢, the lower and upper bounds are 𝑦 = 𝑥 and the same secant line; (3) for the mixed case
(𝑙 < 0 < 𝑢), the upper bound is again the secant through (𝑙, ELU(𝑙)) and (𝑢, ELU(𝑢)), while the lower bound
is 𝑦 = 𝑥 . Since ELU(𝑥) is monotonic, the scalar bounds correspond directly to ELU(𝑙) and ELU(𝑢).

5.3 Evaluating Precision for Verifying Neural Networks
There exists no “best” transformer, therefore to assess the performance of synthesized transformers
quantitatively, we measure the precision of GPT-5-generated transformers under the DeepPoly
domain for verifying neural networks. We compare against handcrafted transformers provided by
ConstraintFlow, which offers globally sound and the most precise transformers. More importantly,
we show the precision of generated transformers for non-linear and complicated operators, whose
corresponding abstract transformers do not exist in the literature, demonstrating the efficiency of
Sail. The underlying verification problem is standard image robustness verification: for a correctly
classified input image, we check whether the network predicts the correct label for all perturbed inputs
within a perturbation ball of radius 𝜖 ∈ R around the original input. In our evaluation, precision is
defined as the fraction of baseline-correct test inputs (i.e., samples correctly classified by the original
network without the perturbation) that can be certified under a given perturbation bound.

We evaluate all transformers across multiple network architectures and training regimes, typically
used for measuring verification performance in the literature [9, 61] including both fully connected
(FCN) and convolutional (Conv) networks trained on MNIST [18] and CIFAR10 [36] datasets.
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For MNIST, we apply the perturbation to the entire image, whereas for CIFAR10 we restrict
the perturbation to a single pixel to reflect more localized robustness settings. We consider the
full test set and set the batch size to 100. For perturbations, we use 𝜖 = 0.005 for MNIST and
𝜖 = 8/255 for CIFAR10, which are standard choices in robustness verification. Part of the results are
summarized in Table 1, GPT-5-synthesized transformers have different syntactical forms but the same
semantics as transformers provided by ConstraintFlow, achieving precision on par with handcrafted
transformers for all existing operators. For novel non-linear operators without existing handcrafted
transformers, GPT-5–synthesized transformers also achieve high precision, demonstrating Sail ’s
ability to synthesize sound transformers with good qualities beyond the scope of manually designed
ones. Comprehensive results and an additional evaluation for transformers synthesized under the
DeepZ domain can be found in Appendix D.

Table 1. Precision comparison across different Networks based on the DeepPoly domain.

Dataset Network Training Activation Layers Perturbation 𝝐 Precision

Our work Handcrafted

MNIST Conv Standard ReLU 6 0.005 1.0000 1.0000
Conv Standard ReLU6 3 0.005 1.0000 ✗

FCN_5×100 DiffAI HardTanh 5 0.005 0.9500 0.9500
FCN_6×500 PGD HardSigmoid 6 0.005 1.0000 ✗

FCN_3×100 Standard GELU 3 0.005 0.9400 ✗

FCN_4×1024 Standard GELU 4 0.005 1.0000 ✗

FCN_3×100 Standard ELU 3 0.005 0.1400 ✗

CIFAR10 Conv DiffAI ReLU 3 8/255 1.0000 1.0000
FCN_4×100 Standard ReLU6 4 8/255 0.4490 ✗

FCN_7×1024 Standard HardTanh 7 8/255 0.9231 0.9231
FCN_4×100 Standard HardSwish 4 8/255 0.1154 ✗

FCN_6×500 PGD HardSigmoid 6 8/255 1.0000 ✗

FCN_6×500 PGD GELU 6 8/255 1.0000 ✗

FCN_7×1024 Standard GELU 7 8/255 0.9787 ✗

5.4 Ablation Study
To assess the individual contributions of the cost function and the validation–repair mechanism,
we conduct a three-way ablation study using the Llama4-Maverick model as the synthesis engine.
We prompt the model to generate DeepPoly transformers for a set of representative operators under
three settings: (1) with cost function and validation–repair module, representing our full system; (2)
without cost function but with validation–repair, where the model relies solely on repair feedback to
correct unsound generations; and (3) without both cost function and validation–repair, where the
model depends purely on its intrinsic reasoning ability without any external feedback. The results are
shown in Fig. 13, Fig. 14 and Fig. 15 in Appendix H. which exhibit a clear hierarchy across the three
configurations. Comparing setting (1) with setting (2) demonstrates that the cost function substantially
improves the soundness and consistency of the synthesized transformers. By quantitatively penalizing
unsound behaviors and providing continuous optimization feedback, the cost function enables the
model to refine candidates beyond mere syntactic validity, achieving soundness that generalizes
across operators. In contrast, comparing setting (2) with setting (3) highlights the importance of the
validation–repair mechanism: even without cost feedback, it ensures structural well-formedness in
most cases and prevents the cascade of syntax and type errors that otherwise dominate unconstrained
generation to some extent. However, due to the absence of feedback, the generated transformer
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remains unsound. Together, these results confirm that structured repair and cost-guided optimization
address complementary aspects of synthesis.

5.5 Computational Cost and Scalability Analysis
We evaluate the synthesis overhead and the downstream verification cost to demonstrate the practical
efficiency of Sail. Table 4 in Appendix E reports the runtime of the best result obtained from GPT-5-
based synthesis of common abstract transformers in the DeepPoly domain, as well as the average
verification cost on CIFAR-10 dataset across different networks. It shows that each synthesis in Sail
is completed within only a few seconds to at most a few hours, depending on operator complexity. The
peak memory usage throughout synthesis is approximately 650 MB, which is modest and negligible
compared to the typical system memory. Independent of Sail, the verification cost scales with the
size of the network (e.g., number of neurons) and is influenced by the performance of the underlying
verification engine ConstraintFlow, which currently executes on CPU. Overall, compared to domain
experts spending weeks or even months deriving mathematical abstract transformers [42, 73, 78],
proving soundness, and implementing them efficiently, Sail automates this process within hours and
outputs executable DSL transformers that can be directly executed, significantly reducing human
effort and achieving state-of-the-art performance with modest computational overhead. Moreover,
Sail can easily generalize to diverse operators and abstract domains. Each synthesis is a one-time cost
per operator, after which the synthesized sound transformer can be reused across arbitrary models
and verification tasks without additional effort.

6 Beyond Neural Network Verification
While Sail uses neural network verification as a benchmark, both the synthesized abstract interpreters
and the underlying framework can naturally extend to a broader range of tasks. The synthesized
transformers can be integrated within other types of verifiers, such as for output range analysis [21]
or for analyzing neurosymbolic programs [75]. The underlying framework can be applied to
synthesize sound abstract transformers for concrete functions in other applications, as the core cost
function Equation 4 is derived in a principled manner from the formal definition of global soundness,
independently of any downstream tasks. We provide one example below by considering abstract
transformers for derivatives of activation functions in differentiable programs [6].

Automatic differentiation (AD) and differentiable programming are widely adopted in machine
learning, computer graphics, and scientific computing [1, 40, 69]. Abstract interpretation provides a
principled framework for soundly reasoning about AD and verifying program properties expressed
over derivatives [37], such as sensitivity, monotonicity, etc. However, sound abstract interpreters that
can efficiently compute higher-order derivatives are still lacking in the literature. We demonstrate the
potential of Sail in this setting by successfully synthesizing a globally sound abstract transformer based
on the Interval domain for the first-order derivative of the Sigmoid function. Analyzing gradients is
essential in differentiable programs when explaining model behavior or verifying gradient-dependent
properties (e.g., Lipschitz bounds or robustness), We choose Sigmoid as it is commonly used, and
its derivative involves a non-trivial compositional structure due to its nonlinear form. Formally, the
formulation in Sail remains unchanged, with the term 𝑓 (x)𝑖 in the cost function Equation 4 being
instantiated with 𝜎 (𝑥𝑖 )

(
1−𝜎 (𝑥𝑖 )

)
, where 𝜎 (𝑥𝑖 ) = 1

1+𝑒−𝑥𝑖 and 𝑖 indexes the input dimensions. Since the
derivative is applied pointwise, we still focus on a single 𝑖-th dimension during synthesis. Empirically,
we manually verify soundness and provide counterexamples, as the presence of exponentials in the
Sigmoid function makes the verification problem undecidable in general, similar to the cases of GeLU
and ELU. Since the Interval domain is relatively simple for stronger models, we use Llama4-Maverick
in this experiment to better demonstrate the effectiveness of cost-based guidance. The experiment
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shows that Sail converges in 25 rounds on average, yielding a sound and precise transformer with
case distinctions, as shown in Fig. 11 in Appendix F, demonstrating the generality of Sail.

7 Related Work
Program and Transformer Synthesis. Program synthesis aims to automatically construct programs that
satisfy formal specifications. Syntax-guided synthesis (SyGuS) [2] integrates semantic constraints
with syntactic templates defined by a user-supplied grammar, enabling solver-guided exploration of a
constrained search space. The dominant framework, Counterexample-Guided Inductive Synthesis
(CEGIS) [66], alternates between candidate generation and verification, refining hypotheses using
counterexamples until convergence. Within abstract interpretation, these ideas are applied to automat-
ically construct sound abstract transformers for given operators and domains. Amurth [34] formulates
this process as DSL-constrained synthesis, combining inductive refinement with formal verification to
derive the most precise sound transformer expressible in a given DSL. Amurth2 [35] generalizes this
method to reduced product domains via dual CEGIS loops that coordinate synthesis of soundness and
precision across components. However, both approaches carry the risk of not converging. Recent work,
such as USTAD [24] and LinSyn [51] extend this direction toward numerical and neural domains.
USTAD develops a differentiable parametric framework for synthesizing sound linear transformers
over polyhedral domains, while LinSyn automates the synthesis of tight linear bounds for arbitrary
neural activations using constraint solving and local optimization verified by SMT (dReal). Another
framework [50] combines interval-based verification with model finetuning to learn region-specific
linear bounds, but guarantees only local soundness. Together, these frameworks trace a progression
from symbolic [43] to solver- and optimization-driven synthesis, aiming to balance formal soundness
with scalability in constructing numerical transformers.

LLMs for Formal Reasoning and Verification. Large language models (LLMs) have recently been
explored as assistants for formal reasoning and program verification. Frameworks such as Verifier-in-
the-Loop [71], Self-Refine [44], and GPT-f [52] integrate automated verifiers or theorem provers
with iterative generation, allowing models to receive structured feedback when an output violates
constraints. Similarly, Refine4LLM [10] couples LLMs with symbolic solvers and proof checkers
to synthesize or repair proofs, verification conditions, and formal specifications. These systems
demonstrate that integrating reasoning modules into the LLM generation loop can substantially
enhance factual consistency and logical soundness. Nonetheless, most of these approaches are
confined to discrete symbolic reasoning. For example, generating proofs or verification conditions
rather than reasoning about continuous or numerical abstractions. Another central difficulty remains
mitigating hallucination [74], where models produce seemingly valid proofs or specifications that
fail semantic verification. Recent efforts [44, 52, 71, 72] address this issue through verifier-guided
refinement, static analysis, confidence-based rejection sampling, etc.

8 Conclusion
Overall, Sail casts transformer synthesis as a constrained optimization problem driven by a novel
soundness-based cost function based on LLMs, enabling globally sound and complex new transformers
that can be instantiated for any abstract domain. The underlying ideas under Sail extend beyond
neural network certification to any setting requiring automated construction of sound algorithms.
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A Prompt Templates
In this section, we show the prompt used for transformer generation and transformer repair in Sail.

Generation Prompting Template

General instructions.
You are a formal methods expert working on neural network verification. Your task is to generate the
[certifier] transformers for DNN operators. Generate the transformer in Constraintflow DSL.

[Information about the domain specific language.]
Here is the grammar of Constraintflow DSL:
expr_list : expr COMMA expr_list

| expr ;
exprs: expr exprs

| expr;
metadata: WEIGHT

| BIAS
| EQUATIONS
| LAYER ;

expr: FALSE #false
| TRUE #true
| IntConst #int
| FloatConst #float
| VAR #varExp
| EPSILON #epsilon
| CURR #curr
| PREV #prev
| PREV_0 #prev_0
| PREV_1 #prev_1
| CURRLIST #curr_list
| LPAREN expr RPAREN #parenExp
| LSQR expr_list RSQR #exprarray
| expr LSQR metadata RSQR #getMetadata
| expr LSQR VAR RSQR #getElement
| expr binop expr #binopExp
| NOT expr #not
| MINUS expr #neg
| expr QUES expr COLON expr #cond
| expr DOT TRAV LPAREN direction COMMA expr COMMA expr COMMA expr RPAREN

LBRACE expr RBRACE #traverse
| argmax_op LPAREN expr COMMA expr RPAREN #argmaxOp
| max_op LPAREN expr RPAREN #maxOpList
| max_op LPAREN expr COMMA expr RPAREN #maxOp
| list_op LPAREN expr RPAREN #listOp
| expr DOT MAP LPAREN expr RPAREN #map
| expr DOT MAPLIST LPAREN expr RPAREN #map_list
| expr DOT DOTT LPAREN expr RPAREN #dot
| expr DOT CONCAT LPAREN expr RPAREN #concat
| LP LPAREN lp_op COMMA expr COMMA expr RPAREN #lp
| VAR LPAREN expr_list RPAREN #funcCall
| VAR exprs #curry ;
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trans_ret :
expr QUES trans_ret COLON trans_ret #condtrans
| LPAREN trans_ret RPAREN #parentrans
| expr_list #trans ;

[Information about the certifier. Using DeepPoly as an example below:]
DeepPoly certifier uses four kinds of bounds to approximate the operator: (Float l, Float u, PolyExp
L, PolyExp U). They must follow the constraints that: curr[l] <= curr <= curr[u] & curr[L] <= curr
<= curr[U]. ‘curr‘ here means the current neuron, ‘prev‘ means the inputs to the operator. When the
operator takes multiple inputs, use ‘prev_0‘, ‘prev_1‘, ... to refer to each input. So every transformer in
each case of the case analysis must return four values. Use any funstions below if needed instead of use
arithmetic operators. Function you can use:
- func simplify_lower(Neuron n, Float coeff) = (coeff >= 0) ? (coeff * n[l]) : (coeff * n[u]);
- func simplify_upper(Neuron n, Float coeff) = (coeff >= 0) ? (coeff * n[u]) : (coeff * n[l]);
- func replace_lower(Neuron n, Float coeff) = (coeff >= 0) ? (coeff * n[L]) : (coeff * n[U]);
- func replace_upper(Neuron n, Float coeff) = (coeff >= 0) ? (coeff * n[U]) : (coeff * n[L]);
- func priority(Neuron n) = n[layer];
- func priority2(Neuron n, Float c) = -n[layer];
- func stop(Neuron n) = false;
- func stop_traverse(Neuron n, Float c) = false;
- func backsubs_lower(PolyExp e, Neuron n) = (e.traverse(backward, priority2, stop_traverse, re-
place_lower)e <= n).map(simplify_lower);
- func backsubs_upper(PolyExp e, Neuron n) = (e.traverse(backward, priority2, stop_traverse, re-
place_upper)e >= n).map(simplify_upper);
- func f(Neuron n1, Neuron n2) = n1[l] >= n2[u];
- func slope(Float x1, Float x2) = ((x1 * (x1 + 3))-(x2 * (x2 + 3))) / (6 * (x1-x2));
- func intercept(Float x1, Float x2) = x1 * ((x1 + 3) / 6) - (slope(x1, x2) * x1);
- func f(Neuron n1, Neuron n2) = n1[l] >= n2[u];
- func f1(Float x) = x < 3 ? x * ((x + 3) / 6) : x;
- func f2(Float x) = x * ((x + 3) / 6);
- func f3(Neuron n) = max(f2(n[l]), f2(n[u]));
- func compute_l(Neuron n1, Neuron n2) = min([n1[l]*n2[l], n1[l]*n2[u], n1[u]*n2[l], n1[u]*n2[u]]);
- func compute_u(Neuron n1, Neuron n2) = max([n1[l]*n2[l], n1[l]*n2[u], n1[u]*n2[l], n1[u]*n2[u]]);
- func avg(List<Float> xs) = sum(xs) / len(xs);
- func argmax(List<Neuron> ns, (Neuron, Neuron -> Bool) cmp) = [ n | n in ns, forall m in ns. cmp(n, m)
];
- func argmin(List<Neuron> ns, (Neuron, Neuron -> Bool) cmp) = [ n | n in ns, forall m in ns. cmp(n, m)
];

Don’t add comments to DSL.

[Two-shot prompting. Using DeepPoly as an example below:]
### Example: Abs operator
Input: Generate the transformer for ‘abs‘ operator
Output:
"""
def Shape as (Float l, Float u, PolyExp L, PolyExp U)
{[(curr[l]<=curr),(curr[u]>=curr),(curr[L]<=curr),(curr[U]>=curr)]};
transformer deeppoly Abs -> ((prev[l]) >= 0) ? ((prev[l]), (prev[u]), (prev), (prev)) : (((prev[u])
<= 0) ? (0-(prev[u]), 0-(prev[l]), 0-(prev), 0-(prev)) : (0, max(prev[u], 0-prev[l]), prev,
prev*(prev[u]+prev[l])/(prev[u]-prev[l]) - (((2*prev[u])*prev[l])/(prev[u]-prev[l]))) );
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"""

### Example: Affine operator
Input: Generate the transformer for ‘affine‘ operator
Output:
"""
def Shape as (Float l, Float u, PolyExp L, PolyExp U)
{[(curr[l]<=curr),(curr[u]>=curr),(curr[L]<=curr),(curr[U]>=curr)]};
transformer deeppoly Affine -> (backsubs_lower(prev.dot(curr[weight]) + curr[bias], curr),
backsubs_upper(prev.dot(curr[weight]) + curr[bias], curr), prev.dot(curr[weight]) + curr[bias],
prev.dot(curr[weight]) + curr[bias]);
"""

[Query.]
### Now generate the transformer for ‘{api}‘ operator
Input: Generate the transformer for ‘{api}‘ operator
Output: """

Repair Prompting Template

You are a DSL repair assistant. Fix the following DSL code based on the error.
[ERROR]:
[Error messages.]

[CODE]:
[Incorrect generation.]

Return only the fixed DSL code.

B Generation Examples
In this section, we show three different kinds of transformer candidates generated by Sail.

1 transformer DeepPoly {

2 HardSigmoid ->

3 ((prev[u]) <= ((0 - attr[beta]) / attr[alpha])) ?

4 (0, 0, 0, 0) :

5 ((prev[l]) >= ((1 - attr[beta]) / attr[alpha])) ?

6 (1, 1, 1, 1) :

7 ((prev[l]) >= ((0 - attr[beta]) / attr[alpha])) ?

8 ((prev[u]) <= ((1 - attr[beta]) / attr[alpha])) ?

9 ((attr[alpha] * prev[l] + attr[beta]),

10 (attr[alpha] * prev[u] + attr[beta]),

11 (attr[alpha] * prev + attr[beta]),

12 (attr[alpha] * prev + attr[beta])) :

13 ((attr[alpha] * prev[l] + attr[beta]),

14 1,

15 (attr[alpha] * prev + 1 - (attr[alpha] * prev[u])),

16 1) :

17 ((prev[u]) <= ((1 - attr[beta]) / attr[alpha])) ?

18 (0,

19 (attr[alpha] * prev[u] + attr[beta]),
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20 0,

21 (attr[alpha] * prev - (attr[alpha] * prev[l]))) :

22 (0, 1, 0, 1);

23 }

Listing 1. Invalid transformer (Syntax error. Undefined variable: attr, alpha, beta)

1 transformer deeppoly {

2 HardSigmoid -> (prev[u] <= -3) ? (0, 0, 0, 0)

3 : ((prev[l] >= 3) ? (1, 1, 1, 1)

4 : ((prev[u] <= 3)

5 ? ((prev[l] >= -3)

6 ? ((prev[l] + 3) / 6, (prev[u] + 3) / 6, (prev + 3) / 6, (prev + 3) / 6)

7 : (0, (prev[u] + 3) / 6, (prev + 3) / 6,

8 prev[l] * ((prev[u] + 3) / (6 * (prev[u] - prev[l]))) * prev

9 - ((prev[u] + 3) / (6 * (prev[u] - prev[l]))) * prev[l]))

10 : ((prev[l] >= -3)

11 ? ((prev[l] + 3) / 6, 1,

12 ((3 - prev[l]) / (6 * (prev[u] - prev[l]))) * (prev - prev[l]) + (prev[l] +

3) / 6,

13 (prev + 3) / 6)

14 : (0, 1, (prev + 3) / (prev[u] + 3), (prev - prev[l]) / (3 - prev[l])))));

15 }

Listing 2. Unsound transformer. Counterexample: Prev = 3/2, Prev_l = -4, Prev_u = 2, Prev_L = 3/2, Prev_U =
3/2, Curr = 3/4. Based on the transformer, we get Curr_l = 0, Curr_u = 5/6, Curr_L = 3/4, Curr_U = -5/18,

which is a wrong approximation.

1 transformer DeepPoly {

2 HardSigmoid ->

3 (prev[u] <= -3) ?

4 (0, 0, 0, 0) :

5 (prev[l] >= 3) ?

6 (1, 1, 1, 1) :

7 (prev[l] >= -3) ?

8 (prev[u] <= 3) ?

9 ((prev[l] / 6) + 0.5,

10 (prev[u] / 6) + 0.5,

11 (prev / 6) + 0.5,

12 (prev / 6) + 0.5) :

13 ((prev[l] / 6) + 0.5,

14 1,

15 (((0.5 - (prev[l] / 6)) / (prev[u] - prev[l])) * prev)

16 + ((prev[l] / 6) + 0.5)

17 - (((0.5 - (prev[l] / 6)) / (prev[u] - prev[l])) * prev[l]),

18 1) :

19 (prev[u] <= 3) ?

20 (0,

21 (prev[u] / 6) + 0.5,

22 0,

23 (((((prev[u] / 6) + 0.5) / (prev[u] - prev[l])) * prev)

24 - ((((prev[u] / 6) + 0.5) / (prev[u] - prev[l])) * prev[l]))) :

25 (0, 1, 0, 1);
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26 }

Listing 3. Sound transformer

Fig. 10. Examples of transformer candidates generated by Sail. (1) contains syntax errors, (2) is valid but
unsound, and (3) is both valid and sound.

C Validation Semantics
We define the general validation semantics applicable to any programming language. Validation is
expressed as a big-step judgment. Given a candidate program 𝑠, validation either produces a finite set
of diagnostics D or succeeds with a valid abstract syntax tree 𝑡 , where D aggregates all diagnostics
produced during parsing and validation, i.e., D = D𝑝 ∪ D𝑣:

Lex(𝑠) = ®𝜏 Parse(®𝜏) = (𝑡,D𝑝 ) ⟨Σ, Γ,M⟩ ⊢ 𝑡 ⇒ D𝑣{⟨Σ, Γ,M⟩ ⊢ 𝑠 ⇓ err(D𝑝 ∪ D𝑣), if D𝑝 ∪ D𝑣 ≠ ∅
⟨Σ, Γ,M⟩ ⊢ 𝑠 ⇓ ok(𝑡), if D𝑝 ∪ D𝑣 = ∅

Here, Lex(𝑠) = ®𝜏 performs lexical analysis on the candidate text 𝑠, Parse(®𝜏) = (𝑡,D𝑝 ) constructs
its abstract syntax tree (AST) when parsing succeeds, and reports parsing errors by a finite set of
diagnostics D𝑝 otherwise. The judgment ⟨Σ, Γ,M⟩ ⊢ 𝑡 ⇒ D𝑣 checks the AST for structural and
semantic consistency under the symbol table Σ, typing and shape context Γ, and metadata mapM,
producing a set of diagnostics D𝑣 . Validation succeeds iff D = D𝑝 ∪ D𝑣 = ∅. We identify six
categories of structural and semantic errors commonly observed in LLM-generated candidates.

(1) Unmatched or missing delimiters. These errors are detected during parsing. The parser ensures
that all parentheses, brackets, and braces are properly nested and matched; any violation
produces a diagnostic D-Delim.

(2) Illegal keywords or illegal logical operators. These include errors such as incorrect use of “&&”
instead of “and” as the conjunction operator. In this instance, if the generated expression fails
to pass this test, the validator produces the diagnostic D-Op. These errors can also be tested
during parsing.

(3) Improper use of reserved constants or keywords. For instance, the keywords transformer and
func for transformer and function definitions, respectively. The LLMs sometimes incorrectly
use transformer for function definitions. Reserved keywords must be used in their designated
syntactic constructs. If a keyword is used in an invalid context, the validator produces the
diagnostic D-Res.

(4) Undefined identifiers or invalid function invocations. Identifiers and calls are checked against
the symbol table Σ:
𝑥 ∈ dom(Γ)

⟨Σ, Γ,M⟩ ⊢ 𝑥 : Γ(𝑥) (T-Var) 𝑓 : (𝜏1, . . . , 𝜏𝑛) → 𝜏 ∈ Σ ∀𝑖 . ⟨Σ, Γ,M⟩ ⊢ 𝑒𝑖 : 𝜏𝑖
⟨Σ, Γ,M⟩ ⊢ 𝑓 (𝑒1, . . . , 𝑒𝑛) : 𝜏 (T-Call)

where Σ is the symbol table mapping identifiers to their declared types, Γ is the typing context,
𝜏 denotes the return type of the function, and each 𝑒𝑖 is an argument expression that must match
the corresponding parameter type 𝜏𝑖 . Violations yield D-Id(𝑥), where 𝑥 denotes an undeclared
variable or function name. The complete set of rules can be found in [57].

(5) Malformed attribute calls and incorrect metadata indexing. ConstraintFlow uses the square
bracket notation (e.g., 𝑒 [𝑚] where 𝑚 is a metadata such as 𝑙 or 𝐿) to access metadata of a
neuron. If the generated candidate incorrectly uses the dot notation (e.g., 𝑒.𝑚), the validator
outputs D-Attr diagnostic.
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(6) Type inconsistencies in arithmetic, logical, or element-wise operations. For instance, all logical
operators share the same typing pattern. Consider the following type-checking rule where
𝑒 ≡ op(𝑒1, . . . , 𝑒𝑛):

op ∈ {and, or, xor, not} ∀𝑒𝑖 ∈ args(op). ⟨Σ, Γ,M⟩ ⊢ 𝑒𝑖 : Bool
⟨Σ, Γ,M⟩ ⊢ op(𝑒1, . . . , 𝑒𝑛) : Bool (T-LogicOp)

where op denotes a logical operator, 𝑒𝑖 are its operands, and ⟨Σ, Γ,M⟩ represents the symbol
table, typing context, and metadata map used for type checking. If any operand fails to have a
Boolean type, the validator emits the diagnostic D-Type(𝑒). The complete set of type-checking
rules can be found in [57].

D Precision Evaluation (Cont.)
We show the complete precision evaluation results for transformers generated by GPT-5 for DeepPoly
domain and DeepZ domain.

Table 2. Precision comparison across different networks based on DeepPoly domain.

Dataset Network Training Activation Layers Perturbation 𝝐 Precision

Our work Handcrafted

MNIST FCN_9×200 Standard ReLU 9 0.005 0.9691 0.9691
FCN_4×1024 Standard ReLU 4 0.005 1.0000 1.0000
FCN_6×500 Standard ReLU 6 0.005 0.9900 0.9900
FCN_6×500 PGD ReLU 6 0.005 1.0000 1.0000
Conv DiffAI ReLU 3 0.005 1.0000 1.0000
Conv PGD ReLU 3 0.005 1.0000 1.0000
Conv Standard ReLU 6 0.005 1.0000 1.0000
Conv Standard ReLU6 3 0.005 1.0000 ✗

FCN_3×50 Standard ReLU6 3 0.005 0.5100 ✗

FCN_3×100 Standard ReLU6 3 0.005 0.7300 ✗

FCN_4×1024 Standard ReLU6 4 0.005 0.9000 ✗

FCN_5×100 DiffAI ReLU6 5 0.005 0.9000 ✗

FCN_6×100 Standard ReLU6 6 0.005 0.6465 ✗

FCN_6×200 Standard ReLU6 6 0.005 0.8384 ✗

FCN_6×500 PGD ReLU6 6 0.005 1.0000 ✗

FCN_6×500 Standard ReLU6 6 0.005 0.7879 ✗

FCN_9×100 Standard ReLU6 9 0.005 0.6800 ✗

FCN_9×200 Standard ReLU6 9 0.005 0.6768 ✗

FCN_3×50 Standard HardTanh 3 0.005 0.1818 0.1818
FCN_3×100 Standard HardTanh 3 0.005 0.2323 0.2323
FCN_5×100 DiffAI HardTanh 5 0.005 0.9500 0.9500
FCN_6×500 PGD HardTanh 6 0.005 0.5455 0.5455
FCN_3×50 Standard HardSigmoid 3 0.005 0.2062 ✗

FCN_3×100 Standard HardSigmoid 3 0.005 0.2323 ✗

FCN_5×100 DiffAI HardSigmoid 5 0.005 0.6087 ✗

FCN_6×500 PGD HardSigmoid 6 0.005 1.0000 ✗

FCN_9×100 Standard HardSigmoid 9 0.005 1.0000 ✗

FCN_9×200 Standard HardSigmoid 9 0.005 1.0000 ✗

FCN_3×50 Standard HardSwish 3 0.005 0.2653 ✗

FCN_3×100 Standard HardSwish 3 0.005 0.1900 ✗

FCN_3×50 Standard GELU 3 0.005 0.4646 ✗
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Dataset Network Training Activation Layers Perturbation 𝝐 Precision

Our work Handcrafted

FCN_3×100 Standard GELU 3 0.005 0.9400 ✗

FCN_4×1024 Standard GELU 4 0.005 1.0000 ✗

FCN_5×100 DiffAI GELU 5 0.005 0.7778 ✗

FCN_6×100 Standard GELU 6 0.005 0.8800 ✗

FCN_6×200 Standard GELU 6 0.005 1.0000 ✗

FCN_6×500 PGD GELU 6 0.005 1.0000 ✗

FCN_6×500 Standard GELU 6 0.005 1.0000 ✗

FCN_9×100 Standard GELU 9 0.005 0.9300 ✗

FCN_9×200 Standard GELU 9 0.005 0.9800 ✗

FCN_3×100 Standard ELU 3 0.005 0.1400 ✗

CIFAR10 FCN_4×100 Standard ReLU 4 8/255 1.0000 1.0000
FCN_6×100 Standard ReLU 6 8/255 1.0000 1.0000
FCN_9×200 Standard ReLU 9 8/255 1.0000 1.0000
FCN_7×1024 Standard ReLU 7 8/255 1.0000 1.0000
Conv DiffAI ReLU 3 8/255 1.0000 1.0000
Conv PGD ReLU 3 8/255 1.0000 1.0000
Conv Standard ReLU 3 8/255 1.0000 1.0000
Conv Standard ReLU 6 8/255 0.9851 0.9851
Conv PGD ReLU 6 8/255 1.0000 1.0000
FCN_6×500 Standard ReLU 6 8/255 1.0000 1.0000
FCN_6×500 PGD ReLU 6 8/255 1.0000 1.0000
FCN_4×100 Standard ReLU6 4 8/255 0.4490 ✗

FCN_6×100 Standard ReLU6 6 8/255 0.3922 ✗

FCN_6×500 PGD ReLU6 6 8/255 0.4865 ✗

FCN_6×500 Standard ReLU6 6 8/255 0.4643 ✗

FCN_7×1024 Standard ReLU6 7 8/255 0.3077 ✗

FCN_9×200 Standard ReLU6 9 8/255 0.3721 ✗

FCN_4×100 Standard HardTanh 4 8/255 0.4194 0.4194
FCN_6×100 Standard HardTanh 6 8/255 0.4474 0.4474
FCN_6×500 PGD HardTanh 6 8/255 0.3636 0.3636
FCN_6×500 Standard HardTanh 6 8/255 0.5484 0.5484
FCN_7×1024 Standard HardTanh 7 8/255 0.9231 0.9231
FCN_9×200 Standard HardTanh 9 8/255 0.3611 0.3611
FCN_4×100 Standard HardSwish 4 8/255 0.1154 ✗

FCN_4×100 Standard HardSigmoid 4 8/255 0.3636 ✗

FCN_6×500 PGD HardSigmoid 6 8/255 1.0000 ✗

FCN_6×500 Standard HardSigmoid 6 8/255 0.4894 ✗

FCN_7×1024 Standard HardSigmoid 7 8/255 1.0000 ✗

FCN_9×200 Standard HardSigmoid 9 8/255 1.0000 ✗

FCN_4×100 Standard GELU 4 8/255 0.9630 ✗

FCN_6×100 Standard GELU 6 8/255 0.9649 ✗

FCN_6×500 PGD GELU 6 8/255 1.0000 ✗

FCN_6×500 Standard GELU 6 8/255 0.6000 ✗

FCN_7×1024 Standard GELU 7 8/255 0.9787 ✗

FCN_9×200 Standard GELU 9 8/255 0.7358 ✗
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Table 3. Precision comparison across different networks based on DeepZ domain.

Dataset Network Training Activation Layers Perturbation 𝝐 Precision

Our work Handcrafted

MNIST FCN_3×50 Standard ReLU 3 0.005 0.5204 0.5204
FCN_3×100 Standard ReLU 3 0.005 0.1122 0.1122
Convolution Standard ReLU 3 0.005 0.9000 0.9000
Convolution DiffAI ReLU 3 0.005 1.0000 1.0000
Convolution PGD ReLU 3 0.005 0.9400 0.9400
Convolution Standard ReLU 6 0.005 0.8100 0.8100
FCN_3×50 Standard HardSigmoid 3 0.005 0.2371 ✗

FCN_3×100 Standard HardSigmoid 3 0.005 0.1818 ✗

FCN_6×100 Standard HardSigmoid 6 0.005 0.1531 ✗

FCN_6×200 Standard HardSigmoid 6 0.005 0.2222 ✗

CIFAR10 Conv DiffAI ReLU 3 8/255 1.0000 1.0000
Conv PGD ReLU 3 8/255 0.8143 0.8143
FCN_6×500 PGD ReLU6 6 8/255 0.4595 ✗

FCN_6×500 Standard ReLU6 6 8/255 0.2500 ✗

FCN_4×100 Standard HardSigmoid 4 8/255 0.3636 ✗

FCN_6×500 PGD HardSigmoid 6 8/255 1.0000 ✗

FCN_7×1024 Standard HardSigmoid 7 8/255 1.0000 ✗

FCN_9×200 Standard HardSigmoid 9 8/255 1.0000 ✗

FCN_4×100 Standard HardTanh 4 8/255 0.3871 ✗

FCN_6×500 PGD HardTanh 6 8/255 0.3636 ✗

FCN_6×500 Standard HardTanh 6 8/255 0.3871 ✗

FCN_7×1024 Standard HardTanh 7 8/255 0.8462 ✗

E Computation Cost Evaluation
Table 4 reports both the runtime of the best-performing synthesis using GPT-5 for synthesizing

common abstract transformers in the DeepPoly domain, and the corresponding average verification
cost (in seconds) on a standard CIFAR-10 benchmark, evaluated on two fully connected networks: a
4-layer network with 100 neurons per layer and a 9-layer network with 200 neurons per layer.

Table 4. Synthesis and verification cost (in seconds) of common operators.

Operator ReLU ReLU6 HardSigmoid HardSwish HardTanh

Synthesis Cost 8.56 407.79 297.40 451.92 209.80
Verification Cost (FCN 4×100) 6.6304 12.6875 6.2336 5.8500 14.7250
Verification Cost (FCN 9×200) 32.3159 48.8187 14.9709 42.1219 50.9219

F Synthesizing Abstract Transformer For Differentiable Programs
Fig. 11 visualizes the synthesized transformer for the first-order derivative of the Sigmoid function,
i.e., 𝜎 ′ (𝑥) = 𝜎 (𝑥) (1 − 𝜎 (𝑥)), in the interval domain.

G Fallback Abstract Transformers
We provide trivially sound abstract transformers as a fallback when the synthesis fails within the
maximum number of rounds. Specifically, we use the ⊤ element of the abstract domain as a general
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(a) 𝑙 < 𝑢 < 0. (b) 0 < 𝑙 < 𝑢. (c) 𝑙 < 0 < 𝑢.

Fig. 11. Transformer for the first-order derivative of the Sigmoid function in the interval domain.
The transformer is divided into three cases: (1) for 𝑙 < 𝑢 < 0, the lower and upper scalar bounds are
𝜎 (𝑙) (1 − 𝜎 (𝑙)) and 𝜎 (𝑢) (1 − 𝜎 (𝑢)) respectively; (2) for 0 < 𝑙 < 𝑢, the scalar bounds are 𝜎 (𝑢) (1 − 𝜎 (𝑢)) and
𝜎 (𝑙) (1 − 𝜎 (𝑙)) respectively; (3) for the mixed case (𝑙 < 0 < 𝑢), the upper scalar bound is 0.25, and the lower
bound is𝑚𝑖𝑛(𝜎 (𝑙) (1 − 𝜎 (𝑙)), 𝜎 (𝑢) (1 − 𝜎 (𝑢))). In the subfigure, we use the case when 𝑢 > −𝑙 as an example.

fallback and employ endpoint-based bounds for certain monotonic functions (e.g., HardSigmoid,
HardTanh, HardSwish, ReLU, ReLU6). We list all the fallbacks for supported operators used in the
experiment in the Interval, DeepPoly, and DeepZ domains, expressed in the DSL of ConstraintFlow,
as shown in Fig. 12.

1 transformer ibp {

2 Abs -> (-inf, inf);

3 }

4 transformer ibp {

5 Neuron_add -> (-inf, inf);

6 }

7 transformer ibp {

8 Affine -> (-inf, inf);

9 }

10 transformer ibp {

11 Avgpool -> (-inf, inf);

12 }

13 func hsm(Float x) = x<-3 ? 0 : (x<3 ? x/6+0.5 : 1);

14 transformer ibp {

15 HardSigmoid -> (hsm(prev[l]), hsm(prev[u]));

16 }

17 func hsw(Float x) = x<-3 ? 0 : (x<3 ? x*(x+3)/6 : x);

18 transformer ibp {

19 HardSwish -> (hsw(prev[l]), hsw(prev[u]));

20 }

21 func ht(Float x) = x<-1 ? -1 : (x<1 ? x : 1);

22 transformer ibp {

23 HardTanh -> (ht(prev[l]), ht(prev[u]));

24 }
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25 transformer ibp {

26 Neuron_max -> (-inf, inf);

27 }

28 transformer ibp {

29 Maxpool -> (-inf, inf);

30 }

31 transformer ibp {

32 Neuron_min -> (-inf, inf);

33 }

34 transformer ibp {

35 Minpool -> (-inf, inf);

36 }

37 transformer ibp {

38 Neuron_mult -> (-inf, inf);

39 }

40 func hl(Float x) = x<0 ? 0 : x;

41 transformer ibp {

42 Relu -> (hl(prev[l]), hl(prev[u]));

43 }

44 func hl6(Float x) = x<0 ? 0 : (x<6 ? x : 6);

45 transformer ibp {

46 Relu6 -> (hl6(prev[l]), hl6(prev[u]));

47 }

48 transformer ibp {

49 Gelu -> (-inf, inf);

50 }

51 transformer ibp {

52 Elu -> (-inf, inf);

53 }

54 transformer ibp {

55 Sigmoid -> (-inf, inf);

56 }

Listing 1. Fallback transformers for all supported operators used in the experiments in the Interval domain,
expressed in DSL.

1 transformer deeppoly {

2 Abs -> (-inf, inf, -inf, inf);

3 }

4 transformer deeppoly {

5 Neuron_add -> (-inf, inf, -inf, inf);

6 }
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7 transformer deeppoly {

8 Affine -> (-inf, inf, -inf, inf);

9 }

10 transformer deeppoly {

11 Avgpool -> (-inf, inf, -inf, inf);

12 }

13 func hsm(Float x) = x<-3 ? 0 : (x<3 ? x/6+0.5 : 1);

14 transformer deeppoly {

15 HardSigmoid -> (hsm(prev[l]), hsm(prev[u]), hsm(prev[l]), hsm(prev[u]));

16 }

17 func hsw(Float x) = x<-3 ? 0 : (x<3 ? x*(x+3)/6 : x);

18 transformer deeppoly {

19 HardSwish -> (hsw(prev[l]), hsw(prev[u]), hsw(prev[l]), hsw(prev[u]));

20 }

21 func ht(Float x) = x<-1 ? -1 : (x<1 ? x : 1);

22 transformer deeppoly {

23 HardTanh -> (ht(prev[l]), ht(prev[u]), ht(prev[l]), ht(prev[u]));

24 }

25 transformer deeppoly {

26 Neuron_max -> (-inf, inf, -inf, inf);

27 }

28 transformer deeppoly {

29 Maxpool -> (-inf, inf, -inf, inf);

30 }

31 transformer deeppoly {

32 Neuron_min -> (-inf, inf, -inf, inf);

33 }

34 transformer deeppoly {

35 Minpool -> (-inf, inf, -inf, inf);

36 }

37 transformer deeppoly {

38 Neuron_mult -> (-inf, inf, -inf, inf);

39 }

40 func hl(Float x) = x<0 ? 0 : x;

41 transformer deeppoly {

42 Relu -> (hl(prev[l]), hl(prev[u]), hl(prev[l]), hl(prev[u]));

43 }

44 func hl6(Float x) = x<0 ? 0 : (x<6 ? x : 6);

45 transformer deeppoly {

46 Relu6 -> (hl6(prev[l]), hl6(prev[u]), hl6(prev[l]), hl6(prev[u]));

47 }
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48 transformer deeppoly {

49 Gelu -> (-inf, inf, -inf, inf);

50 }

51 transformer deeppoly {

52 Elu -> (-inf, inf, -inf, inf);

53 }

54 transformer deeppoly {

55 Sigmoid -> (-inf, inf, -inf, inf);

56 }

Listing 2. Fallback transformers for all supported operators used in the experiments in the DeepPoly domain,
expressed in DSL.

1 transformer deepz {

2 Abs -> (-inf, inf, inf * eps);

3 }

4 transformer deepz {

5 Neuron_add -> (-inf, inf, inf * eps);

6 }

7 transformer deepz {

8 Affine -> (-inf, inf, inf * eps);

9 }

10 transformer deepz {

11 Avgpool -> (-inf, inf, inf * eps);

12 }

13 func hsm(Float x) = x<-3 ? 0 : (x<3 ? x/6+0.5 : 1);

14 transformer deepz {

15 HardSigmoid -> (hsm(prev[l]), hsm(prev[u]), (hsm(prev[l])+hsm(prev[u]))/2 + (hsm(prev[u])-

hsm(prev[l]))/2 * eps);

16 }

17 func hsw(Float x) = x<-3 ? 0 : (x<3 ? x*(x+3)/6 : x);

18 transformer deepz {

19 HardSwish -> (hsw(prev[l]), hsw(prev[u]), (hsw(prev[l])+hsw(prev[u]))/2 + (hsw(prev[u])-hsw

(prev[l]))/2 * eps);

20 }

21 func ht(Float x) = x<-1 ? -1 : (x<1 ? x : 1);

22 transformer deepz {

23 HardTanh -> (ht(prev[l]), ht(prev[u]), (ht(prev[l])+ht(prev[u]))/2 + (ht(prev[u])-ht(prev[l

]))/2 * eps);

24 }

25 transformer deepz {

26 Neuron_max -> (-inf, inf, inf * eps);

27 }
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28 transformer deepz {

29 Maxpool -> (-inf, inf, inf * eps);

30 }

31 transformer deepz {

32 Neuron_min -> (-inf, inf * eps);

33 }

34 transformer deepz {

35 Minpool -> (-inf, inf, inf * eps);

36 }

37 transformer deepz {

38 Neuron_mult -> (-inf, inf, inf * eps);

39 }

40 func hl(Float x) = x<0 ? 0 : x;

41 transformer deepz {

42 Relu -> (hl(prev[l]), hl(prev[u]), (hl(prev[l])+hl(prev[u]))/2 + (hl(prev[u])-hl(prev[l]))

/2 * eps);

43 }

44 func hl6(Float x) = x<0 ? 0 : (x<6 ? x : 6);

45 transformer deepz {

46 Relu6 -> (hl6(prev[l]), hl6(prev[u]), (hl6(prev[l])+hl6(prev[u]))/2 + (hl6(prev[u])-hl6(

prev[l]))/2 * eps);

47 }

48 transformer deepz {

49 Gelu -> (-inf, inf, inf * eps);

50 }

51 transformer deepz {

52 Elu -> (-inf, inf, inf * eps);

53 }

54 transformer deepz {

55 Sigmoid -> (-inf, inf, inf * eps);

56 }

Listing 3. Fallback transformers for all supported operators used in the experiments in the DeepZ domain,
expressed in DSL.

Fig. 12. Fallback abstract transformers used when synthesis does not converge. (1) shows the fallbacks in the
Interval domain, (2) shows the fallbacks in the DeepPoly domain, and (3) shows the fallbacks in the DeepZ
domain, all expressed in DSL.
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H Ablation Study (Cont.)
Fig. 13, Fig. 14 and Fig. 15 show the effect of validation-repair module and cost-function guidance
on DeepPoly transformer synthesis using Llama4-Maverick.

Fig. 13. With cost-function guidance. The model converges to sound transformers within a few refinement
rounds.

Fig. 14. Without cost-function guidance but with repair module. The model is able to produce syntactically
and semantically valid transformers, but they are unsound in most cases.

I Performance of Sound Abstract Interpreters Synthesis across Multiples Models and
Domains

Fig. 16, Fig. 17, Fig. 18, Fig. 19, Fig. 20, and Fig. 21 show the process of GPT-5, Llama4-Maverick,
Claude-Opus-4 synthesizing multiple transformers across DeepPoly, DeepZ and Interval domain.
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Fig. 15. Without repair module and cost-function guidance. The model often produces syntactically invalid
and unsound transformers.

Fig. 16. Quantitative results of GPT-5 generating transformers under the DeepPoly domain.

Fig. 17. Quantitative results of Llama4-Maverick generating transformers under the DeepPoly domain.
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Fig. 18. Quantitative results of Claude-Opus–4 generating transformers under the DeepPoly domain.

Fig. 19. Quantitative results of GPT-5 generating transformers under the DeepZ domain.

Fig. 20. Quantitative results of Claude-Opus-4 generating transformers under the DeepZ domain.
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Fig. 21. Quantitative results of GPT5 generating transformers under the Interval domain.
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